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Abstract

In this paper an idea of soft 2-inner product on soft linear spaces has been introduced and
some of their properties are investigated. Soft 2-normed spaces, Soft 2-metric spaces, Soft 2-
Banach spaces and Soft 2-Hilbert spaces are also studied.
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1 Introduction

In 1999, Molodtsov [1] initiated the theory of soft sets as a new mathematical tool for
dealing with uncertainties. He has shown several applications of this theory in solving many
practical problems in economics, engineering, social science, medical science, etc. Research
works in soft set theory and its applications in various fields have been progressing rapidly
since P. K. Maji([2],[3]) introduced several operations on soft sets and applied it to decision
making problems. In the line of reduction and addition of parameters of soft sets some works
have been done by Chen [4], Pei and Miao [5] , Kong et al. [6] , Zou and Xiao [7]. Aktas and
Cagman [8] introduced the notion of soft group and discussed various properties. Jun
([9].[20]) investigated soft BCK/BCI { algebras and its application in ideal theory. F. Feng
[11] worked on soft semirings, soft ideals and idealistic soft semirings M. I. Ali [12] and
Shabir and Irfan Ali ([12],[13]) studied soft semigroups and soft ideals over a semi
groupwhich characterize generalized fuzzy ideals and fuzzy ideals with thresholds of a
semigroup.The idea of soft topological spaces was first given by M. Shabir, M. Naz [14] and
mappings between soft sets were described by P. Majumdar, S. K. Samanta [15].F. Feng [16]
worked on soft sets combined with fuzzy sets and rough sets.Recently in ([17],[18]) we have
introduced a notion of soft real sets, soft real numbers,soft complex sets, soft complex
numbers and some of their basicproperties have been investigated.
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Some applications of soft real sets and soft real numbers have been presented in real life
problems. In ([19],[20]), we introduced the concepts of 'soft metric', 'soft linear spaces', 'soft
norm' on a 'soft linear spaces' and studied various properties of 'soft metric spaces’ and 'soft
normed linear spaces' in details.
The concept of 2-metric spaces, linear 2-normed spaces and 2-inner product spaces,
introduced by S Gahler in 1963 , paved the way for a number of authors like, A White, Y J
Cho, R Freese, C R Diminnie, to do work on possible applications of Metric geometry,
Functional Analysis and Topology as a new tool. The concepts of 2-inner products and 2-
inner product spaces have been intensively studied by many authors in the last three decades.
A systematic presentation of the recent results related to the theory of 2-inner product spaces

as well as an extensive list of the related references can be found in the book [21].
Here we give the basic definitions and the elementary properties of 2-inner product spaces.

In fact, in this paper we have introduced a notion of soft 2-inner product on soft linear
space and studied some of its properties. In section 2, some preliminary results are given. In
section 3, a notion of 'soft 2-inner product' on a 'soft linear space' is given and various
properties of “soft 2-inner product spaces' are studied. We has been shown that every 'soft 2-
inner product space' which satisfies (16) is also a 'soft 2-normed linear space’ which satisfy
(N5). The definition of soft 2-Hilbert space is given some properties of soft 2-Hilbert spaces
are investigated.

2 Preliminaries
Definition 2.1. [1]

Let U be an universe and E be a set of parameters. Let P(U) denote the power set of U
and A be a non-empty subset of E. A pair (F,A) is called a soft set over U, where F is a
mapping given by F: A — P(U). In other words, a soft set over U is a parametrized family of
subsets of the universe U. For € € A, F(e) may be considered as the set of e-approximate
elements of the soft set(F, 4) .

Definition 2.2. [16]
For two soft sets (F, A) and (G, B) over a common universe U, we say that (F, A) is a soft
subset of (G, B) if
(1) A< Band
(2) Foralle € A,F(e) € G(e). We write (F,A) € (G, B).

(F,A) is said to be a soft superset of (G, B), if (G, B) is a soft subset of (F,A). We denote it
by (F,A) 5 (G, B).

Definition 2.3. [16]

Two soft sets (F, A) and (G, B) over a common universe U are said to be equal if (F,A)
is a soft subset of (G, B) and (G, B) is a soft subset of (F, A).
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Definition 2.4. [3]

The union of two soft sets (F, A) and (G, B) over the common universe U is the soft set
(H,C),where C = AU B and forall e € C,

F(e) if eeA—B
H(e) = Gle)ifeeB—A
F(e) U G(e) ife€ ANB.

We express it as (F,A) U (G,B) = (H,C).
The following definition of the intersection of two soft sets is given as that of the bi-
intersection in [11].

Definition 2.5. [11]

The intersection of two soft sets (F, A)and (G, B) over the common universe U is the soft
set (H,C); where ¢ = An B and for all e€C;H(e) =F(e)nG(e). We write
(F,A)n (F,A) = (H,0).

Let X be an initial universal set and A be the non-empty set of parameters. In the
above definitions the set of parameters may vary from soft set to soft set, but in our
considerations, throught this paper all soft sets have the same set of parameters A.

The above definitions are also valid for these type of soft sets as a particular case of
those definitions.

Definition 2.6. [16]
The complement of a soft set (F, A) is denoted by (F,A)¢ = (F¢, A)
where F¢: A - P(U) is a mapping given by F¢(a) = U — F(a), forall a € A.

Definition 2.7. [3]
A soft set (F,A) over U is said to be an absolute soft set denoted by U if for all ¢ €
A F(e) =U.

Definition 2.8. [3]
A soft set (F, A) over U is said to be a null soft set denoted by @ if forall e € A, F(e) =
D.

Definition 2.9. [14]
The difference (H, A) of two soft sets (F, A) and (G, A) over X, denoted by (F, A)\(G, A),
is defined by H(e) = F(e)\G(e) forall e € A.

Proposition 2.10. [14]
Let (F,A) and (G, A) be two soft sets over X. Then
i. (F,A)U(G,A)°=(F,A)°N (G, AF
i. (F, AN (G,A)°=(F AU (G, A"
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Definition 2.11. [17]
Let X be a non-empty set and A be a non-empty parameter set. Then a functione : A - X
is said to be soft element of X. A soft element ¢ of X is said to belongs to a soft set B of X,
which is denoted by ¢ € B, if e(e) € A(e),V e € A. Thus for a soft set A of X with respect to

the index set 4; we have B(e) = {s(e), s € B},e € A.

It is to be noted that every singleton soft set (a soft set (F,A) for which F(e) is a
singleton set, Ve € A) can be identified with a soft element by simply identifying the
singleton set with the element that it contains Ve € A.

Definition 2.12. [17]

Let R be the set of real numbers and B(R) the collection of all non-empty bounded
subsets of R and A taken as a set of parameters. Then a mapping F : A —» B(R) is called a
soft real set. It is denoted by (F, A). If specifically (F,A) is a singleton soft set; then after
identifying (F, A) with the corresponding soft element, it will be called a soft real number.

We use notations 7, §, £ to denote soft real numbers whereas 7, 5, t will denote a
particular type of soft real numbers such that ,for all 7(1) = r, for all 2 € A etc. For example
0 is the soft real number where 0(1) = 0, for all 1 € A.

We now introduce some definitions and prove a theorem on soft real numbers which
will be used in this paper

Definition 2.13. [20]

Let V be a vector space over a field K and let A be a parameter set. Let G be a soft set
over (V,A). Now G is said to be a soft vector space or soft linear space of VV over K if G(A) is
a vector subspace of V, forall 1 € A.

Definition 2.14. [20]

Let F be a soft vector space of V over K. Let G:A — (V) be a soft set over (V, A).
Then G is said to be a soft vector subspace of F if
(i) Foreach A € A,G(A) is a vector subspace of IV over K and

(i) FQO) 2G(A), VA€ A

Definition 2.15. [20]

Let G be a soft vector space of VV over K. Then a soft element of G is said to be a soft
vector of G. In a similar manner a soft element of the soft set (K, A) is said to be a soft scalar,
K being the scalar field.

Let X be a vector space over a field K = R, X is also our initial universe set and A be a
non-empty set of parameters. Let X be the absolute soft vector space i.e., X(1) = X,V 1 € A.
We use the notation %, ¥, Z to denote soft vectors of a soft vector space and #, §, t to denote
soft real numbers whereas 7, s, t will denote a particular type of soft real numbers such that
7(1) =, for all A € A etc. For example 0 is the soft real number such that 0(1) = 0, for
all 1 € A. Note that, in general, 7 is not related to r.
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Definition 2.16. [18]

Let C be the set of complex numbers and g(C) be the collection of all non-empty
bounded subsets of the set of complex numbers. A be a set of parameters. Then a mapping
F: A - gp(0)is called a soft complex set. It is denoted by (F, A).

If in particular (F,A) is a singleton soft set; then identifying (F,A) with the
corresponding soft element, it will be called a soft complex number.

The set of all soft complex numbers is denoted by C(A) and the set of all soft real numbers is
denoted by R(A).

Definition 2.17.

Let X be the absolute soft vector space of dimension greater than 1 i.e., X(1) = X ,VA €
A. Then a mapping [I.,. |l: SE(X) x SE(X) —» R(A)" is said to be a soft 2-norm on the soft
vector space X if ||.,. || satisfies the following conditions:
(N1) ||%, 7]l = 0 © & and ¥ are linearly dependent vectors;
(N2) l|%, 71l = ||7, %Il forall %,7 € X;
(N3) |l&.%, 7| = |@||l%, 7| for all %,y € X and for every soft scalar @&;
(N4 |1+ 7,2|l L |%, 2]l + |9, 2| forall %,7,2 € X.
The soft vector space X with a soft 2-norm ||.,. || on X is said to be a soft 2-normed linear
space and is denoted by (X, |I.,.1l,4) or (X, 1I.,.1D. (1), (2), (3) and (4) are said to be soft 2-
norm axioms.Someof the basic properties of soft 2-norms are that they are non-negative and
%, 7 + a@.z|| = ||, ¥|/forall %, 7,z € X and for every soft scalar &.

Theorem 2.18.

If a soft 2-norm ||., . ||satisfies the condition
(N5) For (¢,n) e X x X, and 1 € A, {||X, ||(1): X(1) = € and J(A) = n }, is a singleton set.
And if for each A € A4,||.,.][;: X X X = R* be a mapping such that for each (¢,n) € X X
X, Enll, = 1% 7]1(2), where %7 € X such that (1) = € and $(1) = n. Then for each
€A|.,. |l isa2-norm on X.

Definition 2.19.
A Sequence {&,} of soft elements % in a soft 2-normed linear space (X, ||.,. ||, 4) is said to

be convergent and converges to a soft element % if lim ||%,, — &, || = 0 for all 7 € X.
n—-oo

If %, converges to X, we write X, - ¥ as n — o. i.e., ||%, — % 7| = 0 if and only if
X, > Xasn — oo.

Definition 2.20.

A Sequence {%,,} in a soft 2-normed linear space (X, |l.,.|l,A) is said to be a Cauchy
sequence if there are 7, Z € X such that ¥ and Z are linearly independent,
lim ||%,—%,7]l=0 and lim ||%, —X, 2|l =0.
m,n—oo m,n—oo
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Definition 2.21.

Let (X, ||.,.l,A) be a soft 2-normed linear space. Then X is said to be complete if every
Cauchy sequence in X converges to a soft element of X.
Every complete soft 2-normed linear space is called a soft 2-Banach Space.

Definition 2.22.
A mapping d:SE(X) x SE(X) x SE(X) - R(A)*is said to be a soft 2-metric on the
soft set X if d satisfies the following conditions:
(M1) for every pair of distinct soft points %,y there exists a point Z € X such that
d(%,7,%) # 0
(M2) d(%,7,2) = 0 only if at least two of the three points are same.
(M3) d(%,7,2) =d(%,2,7) = d(#,2 %) forall %,7,2 € X
(M4) d(%,7,2) L d(%,7,W) + d(&,Ww,2) +dW,7,2)%,7,2,w € X.
The soft set X with a soft 2-metric d on X is said to be a soft 2-metric space and is denoted by
(X,d,A) or (X,d).

Theorem 2.23.

If a soft 2-metric d satisfies the condition:

(M5) For (¢6,n,0) e X x X x X,and A € A, {d(X,¥,2)(1): ¥(A) =&, (1) =n,Z(A) =} isa
singleton set, and if for 1 € 4,d;: X x X - R* is defined by d;(¢,1n,{) = d(%,7,2)(Q),
where %, 7, Z € X such that (1) = &, 7(1) = n,Z(1) = ¢. Then d, is a metric onX.
Proposition 2.24.

Let (X, II.,.1l,A) be a soft 2-normed linear space. Let us define d:SE(X) x SE(X) X
SE(X) - R(A)" by d(%,7,2) = ||1%¥ — 2,5 — 2|, for all %,7,Z € X. Then d is a soft 2-metric
on X. i.e., every soft 2-normed space which (N5) is also soft 2-metric space which satisfies
(M5).

3 Soft 2-Inner Product and Soft Inner Product Spaces

Definition 3.1.

Let X be the absolute soft vector space with dimension greater than one i.e., X(1) =
X ,VA € A. Then a mapping (.,.,.): SE(X) x SE(X) x SE(X) — C(A) is said to be a soft 2-
inner product on the soft vector space X if (., .,. ) satisfies the following conditions:
(11) (%,%,7Z) = 0, for all %z € Xand (% % %) =0 if and only if ¥ and Z are linearly
dependent vectors;
(12) (x%,%,7) =(Z,2,%);
(13) (¥, %, Z) = (X, ¥, Z) where bar denote the complex conjugate of soft complex numbers;
(14) (@.%,7,2) = @.(%, 7, %) forall %, 7,2 € X and for every soft scalar &;

~
~ o~ o~ o~

The soft vector space X with a soft 2-inner product (.,.,.) on X is said to be a soft 2-inner
product space and is denoted by (X, (.,.,.),4) or (X,{.,.,. ). (11), (12), (13), (14) and (15) are
said to be soft 2-inner product axioms.
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Example 3.2.
Let X = [,. Then X is an 2-inner product space with respect to the 2-inner product
(x,v,z) = Y &mi¢; for x = {&},y = (n;},z = {{} of I,. Let %, and Z be soft elements of
i=1
the absolute soft vector space X. Then %(1) = {¢}}, (1) = {n?} and 2(1) = {¢lare
elements of l2 The mapping (.,.,.):SE(X) x SE(X) x SE(X) - C(A) defined by
(X,9,Z2)(1) = 2 El 771 =(X(1),y(1),Z(1)),V A € A, is a soft 2-inner product on the soft

vector space X

Remark 3.3.

The soft 2-inner product (., ., . )as defined in Example 3.2, satisfies the condition
(16) For (§n,)eXxXxX and A€A4A{(%7 2)(A):% 7 7€ X suchthat ¥(1) =
&, 5(1) =n,2(1) = ¢ }is asingleton set.

Proposition 3.4.
Let (X,{(.,.,.),A) be a soft 2-inner product space, %, %2 € X and &,f etc. be soft
scalars Then

(i) (%, a@y,z) = @.(%, 7, 2);

~ o~

(i) (X, @y + Bz, W) = @.(X, 7, W) + E (X,Z,W).

Proof.
() (@x+ By, w,z) = (@x,w,z) + (By, W, 2) = a(x, W, Z) + B(J, W, Z).

)
(i) (%, ay,z) =(ay,x,z2)y =a.(y,x,z) = a.(%, v, 7).

(iii) (%, @y + Bz, W) = (@ + Bz %, W) = (ay, X, W) + (B2, %, W)

Theorem 3.5. (Schwarz inequality)

Let (X,{(.,.,.),A) be a soft 2-inner product space satisfying (I6). Let %, 7,2z € X and
@, [ etc. be soft scalars. Then (%, ¥, 2)| < |I%, ZIl. |7, Z|l.

Proof.

It is clear.
Theorem 3.6.

Let (X,{.,.,.),A) be a soft 2-inner product space satisfying (I5). Let us define
Il.,.II: SE(X) x SE(X) » R(A)" by |I%, 7l = /(% %,7) forall % 3 € X. Then ||.,.|| is a soft

2-norm on X satisfying (N5). i.e.,
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Proof.

We have (N1), ||%,7]l =0 (&% 7)=0o (£,%,7) =0 % and Z are linearly
dependent vectors.
(N2) 1%, 71l = V(%,%,7) = J(7.7.%) = 17, %]l.

>

= |&|.||%, y|| for all ¥, ¥ € X and for every soft scalar &.

(N 1%+ 3,21 =X+ 5, +5,2) = (X,%,2) + (X, 9,2) + (§,%,2) + (7,7, 2)
= 1%, 21> + (%, 7,2) + (§,%,2) + |19, 2I|?
= 1%, 21> + (%, 7,2) + (£,5,2) + |19, 2||?
= 1%, 21> + 2Re({%, 3, 2)) + 17, 2II*

where Re is a soft real number.
Now, since (., .,.) satisfies (16), we have

%7, 2| 2 1%, 211119, 21l < 1I%, 211> + 211%, 211 17, 21) + 119, 211* = (1%, 2]l + |7, 2]))*.
Hence, ||% + 3,ZIl < 1%, 21l + 17, 2Il.

Therefore, ||.,. || is a soft 2-norm on X.

Remark 3.7.

From the above theorem it follows that every 'soft 2-inner product Space' which satisfies
(16) is also a 'soft 2-normed linear space' which satisfies (N5) with the soft 2-norm defined as
above. With the help of this soft norm, we can introduce a 'soft 2-metric' on by the formula
dx,y,Z2)=|x—-2,y—-2Z| = \/(f —Z,X—Z,y —Z). In a similar way as above, it can be
proved that, this soft metric satisfies (M5).

Proposition 3.8.

Let (X,{(.,.,.),A) be asoft 2-inner product space satisfying (5). Let ¥, 7,2 € Xand @, §
etc. be soft scalars. Then
) l1x+7,21?2+ ||1x — 7, 2]1? = 2|I%, 2]|1* + 2||7, 2]|*(Parallelogram law);

(i) (%,7,7) = i{llf +5,217 - 12+ 7,212 + || + 7.2 — 1| - Zy,z||2} (Polar-
ization identity).
Proof.
(i) 1E+7.21° =(X+7,X+79,2) =(X,%2) +(%,7,2) + (7,%,2) + (7.7, 2)
= |I%,ZII* + (%, 9, 2) + (§.%, 2)
+ 117, 217 (3.4)
X =3,2II? =X =5, — §,2) = (%,%,2) = (X,5,2) — (. %, 2) + (3,7, %)
= |I%, 2|1 = (%, 7,2) — (J, %, 2)

+ 17, 2117 (3.5)
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After adding (3.4) and (3.5), then we obtain parallelogram law

(if) By Subtracting (3.5) from (3.4), we have
1%+ 7,217 — I% — 7,217

= 2(%,7,2) + 2(},%,2) (3.6)
%+ 55,2 = (F+ 15,2 +15,2) = (%% 2) — K%, 5,2) + {5, %, 2) + (7,5, 2)

= 1%, 2I1* - %, 7,2) + i(7,%,2) + |7, 2| (3.7)
|%—iy,2 |2 = (X —iy,¥ — i},2) = (X%, %,2) + i(X,7,2) — i(},%,2) + (J, 7, 2)

= 1% 2II° + i%, 7, 2) — U5, % 2) + |17, 2117 (3.8)
By multiplying (3.7), (3.8) by i, —i respectively

= ill%, zII* + (%, 5,2) — (7, % 2) + ill,2]1” (3.9)
T~ T~ o~ 2 T~ ~ ~ ~ o~ ~ ~ o~ TN~ ~
—i||lx—,2|| = —ill% 212 + (%, 7,2) — (5, % 2) — (||, 2|2 (3.10)

After adding (3.6), (3.9) and (3.10) the right hand side becomes 4 (X, y, Z) and that proves the
identity.

Theorem 3.9.

Let (X,(.,.,.),A) be a soft 2-inner product space satisfying (5). Let %,,7,2 € X, if
%, = % and §, - 7. Then (%,,, ¥,,, Z) = (%, J, Z)

Proof.
<fnr37n'z) = (X + Gn— %),y + (O — 37)'2)
= (3?;}7:2) + <f:yn _}7'2) + (fn - f,y,f) + (fn _f'yn _}7'2)
|<inl3~ln12> - (XJJNCZNH I(frj;n - }7,ZN) + <in - fﬂy'z> + (fn - f,yn _}7)2”
= |<f'}7n —}7,2” + |(5én - fJ"Z”H + |<fn _f'yn _}7,Z~)|
= %219 = 3,21l + 1% — X, 21119, 21l + 1%, — %, 2150 — 3,21
Since ||X, —%,Z]| » 0 and ||}, —7,Z|| > 0 as n — oco. Then [(X,, ¥,, Z) — (X, ¥,Z)| = 0,
hence (X,,, ¥, Z) = (X, 7, Z).

IA |

Corollary 3.10.

Let (X,{.,.,.),A) be a soft 2-inner product space satisfying (5). If %, — &, then
1%, 71l - 1%, FII

Proof.
Since %, — % , then (%,,, X,,, ¥} — (%, %, ¥)( by Theorem 3.9 ). Hence ||%,,, 1|2 = |I%, 7|?
, 80 | %, Yl = ||%, 71
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Definition 3.11.

A soft 2-inner product space which satisfies (16), is said to be complete if it is complete
with respect to the soft 2-metric defined by soft 2-inner product.
A complete soft 2-inner product space is said to be a soft 2-Hilbert space.

Theorem 3.12.
Every soft 2-Hilbert space is soft 2-Banach space.

Proof.

Let (X,(.,.,.),A) be asoft 2-Hilbert space. Then X is a complete.
But X is soft 2-normed space with the soft 2-norm ||%, 7| = /(%, %, 7) for all %, y € X. So
(X, 1l.,.1l,A) soft 2-Banach space.

Theorem 3.13.
A soft 2-Banach space which satisfies (N5) is a soft 2-Hilbert space if and only if the

parallelogram law holds.
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