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Abstract 

      Quantile regression has become an important tool and is gaining increasing 

acceptance in many applications since its inception in 1978 by Koenker and 

Basset because it provides more information than linear regression. It is a method 

of measuring the relationship between a predictor and a response variable. A 

Bayesian Quantile regression approach was recently proposed to deal with 

model uncertainty and unknown parameters. Several methods based on Bayesian 

perspective have been proposed to you by researchers. 

In this work, a new method for estimating and selection variable (Bayesian 

composite quantile regression with composite group bridge penalty) is proposed. 

We will discuss this method in addition to five other methods that have been 

studied (Bayesian lasso quantile regression, Bayesian Adaptive lasso quantile 

regression, and Bayesian Elastic net quantile regression) in addition to (Quantile 

regression, and Bayesian quantile regression). compare these methods to 

evaluate the performance of the proposed method as well as decide the best 

method among them through practical application. Simulation results are 

provided to compare Bayesian and non-Bayesian performance under quantile 

regression models. Real data was used in our study, which included data from 

school students in Iraq / Nasiriyah city. The study also dealt with the thalassemia 

data in the Babylon Governorate. The experimental results and real data analyses 

show that the proposed method works very well compared to the other studied 

methods. 
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       Chapter One 
 

 

 

 

               Introduction  

                 Thesis problem 

                           Thesis Aim 

                                                                                                             Literature Review 

      



  

 
 

 
 

1.1 Introduction 

 

       The ordinary least squares method (OLS) has been the dominant method 

for decades used in statistical studies. Despite its good performance, it hides 

many problems, as it sets assumptions that not all studied data can be subject 

to, which leads to the penetration and failure of its hypotheses. 

    Koenker and Bassett (1978) originally proposed QReg as a robust 

alternative to the OLS estimator for estimating the coefficients of the linear 

regression function (Buchinsky, M. 1994). The term "robust" refers to a degree 

of flexibility in statistical processes for deviations from the anticipated 

models' distribution assumptions. The classical mean regression model may 

fail to explain an intriguing element of the connection between prediction and 

response variables if the distribution of the response variable is excessively 

skewed in the regression model. So, it can be understood that this heavy-tailed 

distribution and regression may not be a good representative of the mean (Das, 

P. 2016) . 

Quantile regression (QReg) is defined as a basic approach to determining the 

relationship between a set of predictors and a response variable, especially for 

skewed response data (Koenker and Bassett 1978)  .Although QReg is more 

immune to outliers, and unusual error distributions. However, for a given 

distribution, the efficiency of its estimator depends on the quantile level 

(Alhamzawi. 2016) . 



  

 
 

Quantiles are more helpful than mean values because they are less sensitive 

to skewed distributions and outliers. This is a central factor of QReg, which, 

prides itself on its flexibility and capacity to investigate the whole . the 

conditional distribution of the response variable distribution owing to its 

estimations. (Alhamzawi.2013). 

It has attracted a lot of theoretical attention as well as a lot of practical 

applications in medicine, growth scheme, econometrics, climate change, 

agriculture, ecology, engineering, etc. (Gosling, A., et al. 2000., Mazucheli, 

Josmar.2021., ..., and others) 

For bringing to light the significance of QReg and demonstrating its 

application, for more clarification, we consider the weight data of Iraqi boys. 

These figures show the weight-age relationship of 807 Iraqi school students 

in Nasiriyah city. In this part, we use the following model to represent weight 

as a function of age: 

                                , 

where 𝑦i represents the 𝑖th result (weight) in kilograms, 𝑥i represents the 𝑖th age 

in years, and ξ represents the ith errors term. The QReg coefficients are β0, β1, 

and β2 in this case. Figure (1.1) shows the association between weight and age 

using seven fitted QReg curves and a standard mean regression curve. The 

quantreg () function is used to fit the seven fitted QReg curve estimations. 

(Koenker, R., et al. 2018). 

 

 

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖 + 𝛽2𝑥𝑖
2 + 𝜉𝑖  



  

 
 

 

Figure 1.1: Illustrates the association between boys' weight and age. For 𝜌 {5%, 

15%, 25%, 45%, 65%, 85%, 96%}. QReg curve estimations are presented from 

highest to lowest magnitudes. The standard mean regression curve looks a solid red 

is displayed. 



  

 
 

   At first glance, we can see in Figure (1.1) that the weight of boys increases 

with age. Furthermore, according to the greatest (𝜌 = 0.96) to the smallest 

(𝜌=0.05) quantile. A spacing between QReg curves decreases, showing that 

the 𝑦|𝑥 distribution is curved to the right, where ρ indicates to quantile level. 

The conditional median curves (0.45 quantile) while the mean is distinct. 

Additionally, the weight-age connection cannot be determined using the 

standard mean regression estimate. Due to expected outliers in years 17, 18, 

and 19, as well as the inherent right-skewed conditional distribution 

In conclusion, Figure (1.1) shows that, when compared to the normal mean 

regression, a collection of quantiles provides more sensors. Furthermore, 

defining the weight-age connection. The greatest and smallest QReg curves in 

Figure (1.1) may have been utilized to diagnose obesity and weight reduction 

in boys, respectively. QReg models are very versatile in real-world 

applications due to their previously mentioned properties. 

      At the beginning of our study, we touched on the literature review of 

estimation methods, starting from QReg 1978 to entering the Bayesian 

methods, and the resulting new methods. We briefly discussed the literature 

review of estimate methods at the outset of our research. The thesis problem 

has been raised, and the thesis aim was then made clear. 

   We'll talk about the rest of our theses in the second chapter which is 

dedicated to the theoretical part. Which was divided into two sections, where 

the first section dealt with Through equations and functions, a quick review 

of the Bayesian approaches (BQReg, BLQReg, BALQReg, BENQReg), as 

well as QReg, before defining their benefits and drawbacks. In the second 



  

 
 

section of this chapter, we will describe our proposed method (CQR with 

Composite Group Bridge Penalty) in full, including clarification and the 

method's mechanism of operation. 

    In the third chapter, we use simulation to compare the examined approaches 

with the suggested method to determine which is the best. Then, in the fourth 

chapter, we moved to the practical side by studying real data, where 

thalassemia was studied and analyzed using the studied and proposed 

methods, and the comparison of its results using the estimated variables as 

well as the mean error squares (MSE), with the least (MSE) being the best 

method among them. In the end, the fifth chapter awaits us to record the most 

important findings we have reached through our studies and provided a 

summary of our findings and recommendations so that other researchers may 

use them in their future research. 

 

 

 

 

 

 

 

 

 

 

 



  

 
 

 

 

1.2 Thesis problem 

 

       Most statisticians are concerned with estimating parameters in the best 

possible method with the fewest mistakes. There is always a new approach 

that addresses some of the old methods' difficulties, but it also has drawbacks 

or problems that it did not tackle. 

As a result, there are several approaches for estimating parameters, 

particularly within the scope of quantile regression. Each approach (Bayesian 

and Non-Bayesian methods) has beneficial properties; however, some flaws 

prevent us from reaching the ideal answer. These flaws differed, as did the 

favorable aspects of each system. 

There is no method that we can say is better than others, in other words, an 

attractive method is the most accurate among them . 

 

 

 

 

 

 

 

 



  

 
 

 

1.3 Thesis Aim 

 

     This thesis sheds light on the most important methods of estimating 

parameters and highlights their advantages and disadvantages through a 

comparison of Bayesian and non-Bayesian quantile regression methods. As 

well as finding a new method that is better than the studied methods and has 

fewer errors and more accurate results. Via this analysis, it is possible to arrive 

at a new method that has attractive aspects and is better than the rest of the 

studied approaches and addresses these inadequacies at least in a relative 

manner. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 
 

 

1.4 Literature Review 
  

             Because of the clear benefits of QReg, which has been studied and 

developed by many scientists, we will focus on the most important aspects of 

it in depth and rapidly.  In 1978, Koenker and Bassett proposed QReg as an 

extended linear regression when its requirements are not satisfied. Tibshirani 

(1996) suggested that lasso regression estimates for linear models may be 

understood as a Bayesian posterior mode estimate when each regression 

coefficient was given a Laplace prior distribution. Koenker and Machado 

(1999), developed goodness-of-fit criteria for QReg, which is the inevitable 

counterpart of the R2 statistic in the least-squares regression. Linked the 

asymmetric Laplace distribution (ALD) to the QReg model. Yu and Moyeed 

presented the Bayesian quantile regression approach (BQReg) in 2001, 

demonstrating that maximizing likelihood-based inference using 

independently distributed ALD was comparable to loss function 

minimization. In 2004, Koenker returned to apply the Lasso regularization 

method to the mixed-effect QReg model for the first time.  

Zhu (2006) introduced adaptive lasso regression, which displayed oracle 

properties in a variety of circumstances. The objective is to reduce the mean 

of the coefficients to zero. In 2007, Wang et al. showed the oracle property of 

the least absolute deviation (LAD) estimate with the adaptive Lasso penalty. 

Park and Casella (2008) created Gibbs samples for the Bayesian lasso using a 

scale combination of normal prior distributions on parameters and separate 

prior exponential distributions on covariances. 



  

 
 

Li and Zhu studied QReg with the Lasso penalty in 2008 and devised a 

piecewise linear solution route. Wu and Liu investigated QReg using the 

SCAD technique and the adaptive Lasso approach in 2009. In 2010, Hewson 

and Yu proposed a QReg model for binary data within a Bayesian framework. 

In 2010, Li et al. looked into QReg regularization from a Bayesian perspective 

and proposed that the Laplace parameter distribution be set up and Gibbs 

sampling be used for Bayesian Lasso QReg (BLQReg) sampling. Li and Lin 

(2010) devised a Bayesian approach for solving an elastic net (EN) model 

with the Gibbs sampler. Kozumi and Kobayashi published a paper in 2011, in 

which they advanced a more efficient Gibbs sampler for fitting a QReg model 

based on the site-scale combination of the ALD to sample from the post-

distribution. 

Bradic, et al. (2011) researched the oracle properties of a weighted penalized 

composite QReg (CQReg) estimator. For high-dimensional sparse QReg 

models, Kato (2011) investigated the statistical features of the group Lasso. 

In 2012, Alhamzawi et al. introduced Bayesian adaptive Lasso. QReg 

(BALQReg). Parameters are handled as unknown, and their values are 

estimated with other parameters. 

Ciuperca (2013) suggested a general BALQReg estimator with oracle 

properties, whereas Jiang et al. (2012) introduced a weighted CQReg estimate 

technique and investigated its model selection for nonlinear models with a 

diverging number of parameters. Alhamzawi (2013) improved on the 

Bayesian QReg by using a prior distribution that takes into account the whole 

conditional conjugate prior. 



  

 
 

Sriram suggested a fix to the MCMC iterations in 2015 so that asymptotically 

valid intervals could be constructed. When the response variable is binary, 

Alhamzawi (2015) presented the normal prior distribution with mean zero and 

unknown variance for the parameter vector for each quantile and generated a 

censored quantile model.  In 2016, Zhao. et al. developed Bayesian lasso and 

adaptive lasso composite QReg. To tackle the large dimension problem in 

data, Alshaybowee. et al. 2016 suggested the Bayesian elastic net (BEN) with 

a single index QReg (semi-parametric) model. The EN shrinkage strategy was 

produced by Lee et al. In 2016 to handle the dimensionality problem in data 

with a significant correlation among the predictor factors in group selections. 

Alhamzawi and Ali (2017) suggested a new Bayesian approach to solve the 

EN model based on a scale combination of the prior EN regular representation 

of AL. In 2014 Malik and Yee also tried the previous EN. Due to their superior 

theoretical and empirical performance, discrete mixture priors are 

increasingly being replaced (Bhadra et al.2019). It has previously been 

attempted to adopt such priors to QReg in literature: For lasso type priors, see 

Li et al. (2010), and for global-local prior adaptations to the BQReg, see 

Kohns and Szendrei (2020). Aloqaili and Alhamzawi 2022 suggest composite 

quantile regression (CQReg) with composite group bridge penalty for model 

selection and estimation. A simple and efficient algorithm was developed for 

posterior inference using a pseudo composite asymmetric Laplace distribution 

which can be formulated as a location-scale mixture of normals. The 

composite group bridge priors were formulated as a scale mixture of 

multivariate uniforms.   

       



  

 
 

 

 

   Chapter Two 
 

 

 

 

              The Theoretical Part 
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2. Introduction    

    

        In this part, the theoretical side of the thesis was discussed, which 

includes two sections. In the first section, Bayesian and non-Bayesian 

methods of QReg will be discussed. It is also known that many existing 

methods have been dealt with by many studies and have been mentioned in 

the literature review within the first chapter of this thesis. However, we will 

highlight three Bayesian methods (BLQReg, BALQReg, and BENQReg) in 

addition to BQReg and QReg. Through its explanation and clarification, we 

will shed light on the pros and cons of each method and its mechanism of 

action from the theoretical and mathematical sides. 

We touched on the Composite QReg (CQReg) in the second section Topic by 

addressing our proposed method (CQReg with Composite Group Bridge 

Penalty). The method and its working mechanism were explained from the 

theoretical and mathematical sides.  

 

 

 

 

 

 

  



  

 
 

2.1 The First Section 

 

The Studied Methods 

 

2.1.1 Classical Estimation 

Quantile regression model: 

                                         𝑦𝑖= 𝑥𝑖
′𝛽 + 𝜉𝑖           ;( ὶ=1,2, 3,..., n)        (2.1) 

where 𝑦ὶ is the response of the ὶth sample, xὶ is a k  ×1 vector of independent 

variables. β is the vector k ×1 for the coefficients, and ξὶ is the independent 

error term, whose distribution is unknown (Davino, C., et al.2013). As a result, 

the θth QReg is defined as any solution to the quantile minimization issue. 

Koenker and Bassett (1978) show that the regression coefficient vector may 

be determined regularly as the solution to the minimization of: 

𝑚𝑖𝑛∑𝜌θ

𝑛

𝑖=1

(𝑦𝑖 − 𝑥𝑖
′𝛽) 

   

where θ (·.) is a loss (or check) function defined: 

 

Where I ( . ) is the indicator function. Because the loss function is not 

differentiable at zero, we cannot deduce improving existing processes to the 

(2.3) 

(2.2) 



  

 
 

minimization issue. (Park, and Casella .2008). As a result, we resort to other 

methods, which we will discuss in the next chapter to use to get QReg 

estimates for 𝛽.  
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Figure 2.1: shows the loss (or check) function at θ = 0.30 (blue line), θ = 0.15 

(red line) and θ = 0.05 (black line) 



  

 
 

 It is possible to estimate β using a function (2.1). However, this function is 

non-derivative (Koenker and Bassett.1978). They demonstrate how to turn the 

issue of minimizing (2.2) into a linear program and provide details on how to 

solve it effectively for any or all θ ϵ (0,1) (Koenker, and d'Orey .1993).  

Despite the good performance of QReg, it also showed some performance 

weakness in front of several types of data, so several researchers (such as Yu, 

Zou and Hastie,..., and others) resorted to introducing some improvements or 

additions to it to eventually producing new methods, each with its advantages 

and disadvantages, but the goal is one and that is to get more accurate results  . 

The rapid advancement of technology, particularly the creation of various 

programs and programming languages (for example, SPSS, R, Python...), has 

tremendously contributed to the evolution of these approaches Especially after 

the introduction of Bayesian methods with their attractive specifications to 

QReg (Aloqaili and Alhamzawi. 2022\b). This merger resulted in new 

methods with more attractive specifications. These methods have been 

covered in a lot of recent research . We will discuss in Subsequent chapters 

three methods {Bayesian Least absolute shrinkage and selection operator 

quantile regression (BLQReg), Bayesian Adaptive Lasso Quantile Regression 

(BALQReg), and, Bayesian elastic net quantile regression (BENQReg)} and 

show through our explanation the mechanism of work of each method. 

 

 

 

 

 



  

 
 

𝑓𝜃(y|µ = 0, 𝜎, θ) = 
θ(1−θ)

σ
  exp{-

θ
(

y−μ

σ
)}, 

 

2.1.2 Bayesian Quantile Regression (BQReg)  

       Yu and Moyeed (2001) used a Bayesian approach to QReg, which differs 

significantly from earlier work in this area. Bayesian inference for QReg 

begins with the formation of a probability function based on the ALD, 

regardless of the data's actual distribution. (Phadkantha, R., et al .2019)  

  

 

where (𝜌𝜃(ξ) may also be written as) : 

θ (ξ) =   
|𝜉| + (2𝜃 − 1) 𝜉

2
  .     

 

These utilities let you figure out how changes in variables impact the location, 

scale, and shape of a response variable's distribution.  In general, any prior can 

be used for the QReg parameters. However, it has been shown that using 

incorrect uniform priors results in a team joining posterior distribution. 

Because QReg does not generally assume a likelihood for Y|X conditional 

distributions, Bayesian approaches employ a working likelihood (Noufaily, 

A., and Jones, M. C. 2013). The AL likelihood is a convenient choice since 

the mode of the generated posterior with a flat prior is the standard QReg 

estimate. The posterior conclusion, on the other hand, must be evaluated with 

caution. A posterior variance correction for valid inference was presented by 

Yang, Wang, and He (2016). Yang and He (2012) demonstrated that if the 

working likelihood is selected as the empirical likelihood, an asymptotically 

correct posterior inference may be obtained. 

(2.5) 

(2.4) 



  

 
 

        𝑦𝑖 =  𝑏𝜃  +  𝑥𝑖
′𝛽 + 𝜉i,            𝑖 =  1,· · · ,𝑛    and   𝜃 ∈  (0, 1),     (2.6) 

It is generally known that the conjugate prior distribution plays the most 

important role in Bayesian analysis since it is preferable to have conditional 

distributions as the prior in terms of the same functional form and similar 

features (Chen and Ibrahim, 2003). The typical conjugate prior distribution 

does not exist for the parameters of the θth regression quantile, but you may 

approximate the posterior distributions of the unknown parameters using 

Markov chain Monte Carlo (MCMC) techniques. As a result, MCMC 

approaches for posterior inference were investigated. They employed a 

random walk Metropolis method with a Gaussian proposal density centered 

on the current parameter value. Although the random walk sampler is a useful 

method for generating candidate values, the acceptance probability is 

determined by the value of the likelihood function (Aloqaili and Alhamzawi. 

2022\b). 

As a result, tuning factors of proposals, such as proposal step size, must be 

altered to achieve certainly reasonable acceptance rates for each value of θ, 

and limit the random walk sampler's usefulness in practice. (Kozumi, and 

Kobayashi. 2011). 
 

2.1.2.1 Asymmetric Laplace distribution (ALD) 
 

   Following Yu and Moyeed (2001), we consider the linear regression model  

   

 

and assume that the error term 𝜖𝑖 has the ALD with density: 

  

                       f (y|µ, σ) =
𝜃(1−𝜃)

𝜎
 exp{−

𝜌𝜃(𝑦−𝜇)

𝜎
},                                (2.7) 



  

 
 

𝐸(𝜉𝑖) =
1 − 2𝜃

𝜃(1− 𝜃)
 

𝑉𝑎𝑟(𝜉𝑖) =
1− 2𝜃 + 2𝜃2

𝜃2(1− 𝜃)2
 

The mean is known to be: 

 

 

and variance 

 

where σ is the scale parameter and µ is the location parameter. Under this 

assumption, minimizing the check function (2.2) is equivalent to maximizing 

the likelihood function of figure (2.2) ALD (Alhamzawi, 2016). 

 

 

 

 

 

 

 

 

 

 

 

2.1.2.2 Mixture Representation 
Figure 2.2 

Graph illustrates Probability density function of ALD  

 (2.8) 

(2.9) 



  

 
 

𝑝 (𝑦|𝑋,𝛽, 𝑏𝜃 ,𝑤,𝜎) = {
1

 4𝜋𝜎𝑤𝑖
exp{−  

(𝑦𝑖 − 𝑏𝜃 − 𝑥𝑖
′𝛽 − 𝜉𝑤𝑖)

2

4𝜋𝜎𝑤𝑖
}

𝑛

𝑖=1

 

 

  

 Because there are various mixture representations for the ALD Kozumi 

and Kobayashi (2011) developed a simple and efficient Gibbs sampling 

algorithm based on a location-scale mixture representation of the ALD for 

fitting the QReg model. 

An attractive feature of the ALD is that it can be written as a Gaussian 

distribution conditional on a mixing latent exponential variable (Kozumi and 

Kobayashi, 2011; Alhamzawi and Yu, 2012). Specifically, the scale mixture 

of Gaussian distribution of model (2.6) can be written as: 

 

yi = bθ + xJ
iβ + 𝜉wi +  2𝜎𝑤𝑖𝑧𝑖  ,    𝑖 = 1,· · · , 𝑛 and 𝜃 ∈  (0, 1),     (2.10) 

 

where ξ=1−2θ, wi∼ Exp (
𝜃(1−𝜃)

𝜎
) and 𝑤𝑖 , 𝑧𝑖  are 𝑖𝑖𝑑 (independent and 

identically distributed). Hence, the resulting conditional distribution 

of 𝑦𝑖 is Gaussian distributed with mean 𝑏θ + xJ

iβ + 𝜉wi and variance 2σwi 

the joint likelihood of the complete data {y, X, w}. where 𝑤 =  (𝑤1,· · ·, 𝑤𝑛), 

is given by: 

 

  

 

 

 

(2.11) 



  

 
 

2.1.3 Bayesian Least Absolute Shrinkage. and Selection Operator 

Quantile Regression (BLQReg) 

 

       Lasso has generated a lot of attention in the literature since its debut by 

Tibshirani (1996), because it may be used to do variable selection and 

shrinkage, which can increase the model's predictive performance and 

interpretability. The regression analysis has focused, especially QReg, which 

has traditionally focused on accurate prediction and useful interpretation 

(Alhamzawi 2016).  

The BLQReg offers the benefit of providing a more detailed study of the 

relationship between variables while also automatically selecting variables. 

When there are many irrelevant noise variables. It can also produce accurate 

predictions as well as variable selection or compact models from an 

interpretation viewpoint at least (Peter and Gareth .2008)  .  Within the 

framework of QReg, the BLQReg may be regarded as an augmentation of a 

Lasso regression. Its estimations are as follows (Li and Zhu, 2008): 

 

𝑚𝑖𝑛
𝛽0𝛽
∑𝜌𝜃

𝑛

𝑖=1

(𝑦 − 𝛽0 − 𝑥�́�𝛽) + 𝜆 ∥ 𝛽 ∥1 

 

Where λ is a nonnegative regularization  parameter, and the second term is the 

so-called ||. ||1   penalty QReg (the L1-norm), which is critical to the Lasso 

method's success (Alhamzawi, et al.2012). In BLQReg, λ is the most essential 

parameter since it causes Lasso to shrink the QReg coefficients towards zero 

as it rises. 

(2.12) 



  

 
 

2.1.3.1 Park – Casella (2008) 

     The Gibbs sampler for the Bayesian Lasso employs the Laplace 

distribution (LD)as a normal scale mixture (with an exponential mixing 

density), as shown below: 

 

 

 Has the desired shape after including the conditional prior on (2.13). The 

inappropriate prior density π (𝜎2) = 1/ 𝜎2 is used by Park and Casella (2008), 

however, any inverse-gamma prior for 𝜎2would likewise maintain conjugacy. 

Analytically, averaging from the posterior of the joint under its independent, 

flat prior is easy. We exclude it for the sake of simplicity and convenience 

since it is rarely of interest. It can be presented with a completely normal 

conditional distribution, including mean and variance if desired. 𝜎2/n. 

These complete conditionals serve as the foundation for a fast Gibbs sampler 

that updates the block of β. 

 

 

 

 

𝜋(𝛽|𝜎2) =   
𝜆

2 𝜎2

𝜃

𝑖=1

exp−
𝜆|𝛽𝑖 |

 𝜎2
 

𝑐

2
 𝑒− 𝑐|𝑚 | =   

1

 2𝜋𝑤

∞

0

𝑒−𝑚
2 (2𝑤) 𝑐2

2
𝑒−𝑐

2𝑤∕2𝑑𝑤 ,       𝑐 > 0 (2.14)  

(2.13) 



  

 
 

2.1.3.2 The Hierarchical Model 

A new scale mixture based on a uniform distribution mixing with the density 

of a specific gamma distribution to the LD was represented by (Mallick, H., 

and, Yi, N. 2014.). In the other word: 

𝜆

2
𝑒−𝜆|𝛽𝑗| =  

1

2𝑠𝑗

𝜆2

𝛤(2)

 

−𝑠𝑗<𝛽𝑗<𝑠𝑗

𝑠𝑗
2−1𝑒𝑥𝑝{−𝜆𝑠𝑗} 

𝛽|𝑠~𝑈𝑛𝑖𝑓 (−𝑠𝑗 , 𝑠𝑗) 

𝑠|𝜆 ~𝐺𝑎 (2, 𝜆) 

𝜆~𝐺𝑎(𝑎1, 𝑏1) 

𝜎~𝐺𝑎(𝑎2, 𝑏2) 

Where  𝑎1, 𝑏1, 𝑎2 and  𝑏2  are hyperparameters.  In summary, our Bayesian 

hierarchical model is given by 

𝑦𝑖 = 𝑥𝑖
′𝛽𝑝 + 𝜃𝑧𝑖 +  2𝜎𝑧𝑖  𝜉𝑖 

𝑦𝑖|𝛽𝑝, 𝜎, 𝑧𝑖~𝑁(𝑥𝑖
′𝛽𝑝 + 𝜃𝑧𝑖 , 2𝜎𝑧𝑖) 

𝑧𝑖| 𝜎~𝐸𝑥𝑝(
𝑝(1−𝑝)

𝜎
) 

𝛽|𝑠~𝑈𝑛𝑖𝑓 (−𝑠𝑗 , 𝑠𝑗) 

𝑠|𝜆 ~𝐺𝑎 (2, 𝜆) 



  

 
 

𝜆~𝐺𝑎(𝑎3, 𝑏3) 

𝜎~𝐺𝑎(𝑎4, 𝑏4) 

2.1.4 Bayesian Adaptive Lasso Quantile Regression (BALQReg) 
 

         The Bayesian adaptive lasso models presented by Leng et al. (2014) and 

Alhamzawi et al. (2012) are hierarchical models based on conventional linear 

regression and linear QReg, respectively, with βj (1 ≤ j ≤ k) following an LD. 

Almost all of the literature's known variable selection techniques for QReg 

are predicated on the assumption of a large sample size or even a little amount 

of data (Xu, et al. 2017). Zou (2006) demonstrated that adaptive Lasso 

regression (BALReg) has oracle qualities that Lasso does not have, namely, 

adaptive Lasso picks the true model with nonzero coefficients with probability 

approaching one only an unknown subset of is nonzero (Huang et al. 2008). 

As well,  Permitting alternative penalization values for different regression 

coefficients (Alhamzawi, and Ali .2018). 

  

 

Ancillary predictors, on the other hand, are frequently substantially associated 

with certain important predictors in many real-world applications (Sun, and 

Zou, 2010). Gibbs sampling methods employing an enlarged hierarchy with 

conjugate normal priors for coefficients and separate exponential priors for 

 

   

(2.19) 



  

 
 

variances have been reported. Full conditional distributions are tractable with 

this enlarged hierarchy. The whole conditional distribution of each regression 

coefficient is normal in both approaches (BALReg and BALQReg). [Leng et 

al. (2014), Alhamzawi et al. (2012)]. 

2.1.4.1 The Hierarchical Model   

    BALQReg is a Bayesian hierarchical model given by (Alhamzawi, et 

al.2012):   

𝑦𝑖 = 𝑥𝑖
′𝛽𝑝 + 𝜃𝑧𝑖 +  2𝜎𝑧𝑖  𝜉𝑖 

𝑝(𝜉𝑖) =
1

 2𝜋
𝑒𝑥𝑝 {−

1

2
𝜉𝑖
2} 

𝑧𝑖| 𝜎~𝐸𝑥𝑝(
𝑝(1 − 𝑝)

𝜎
) 

𝑝(𝜎, 𝜆𝑗
2) =

1

 2𝜋𝑠𝑗
𝑒𝑥𝑝 {−

𝛽𝑗
2

2𝑠𝑗
}
𝜎

2𝜆𝑗
2 𝑒𝑥𝑝 {−

𝜎𝑠𝑗

2𝜆𝑗
2} 

 𝑝( 𝛾, 𝜃) =
𝜃𝛾

𝛤(𝛾)
(𝜆𝑗
2)−1−𝛾𝑒𝑥𝑝 {−

𝜃

𝜆𝑗
2} 

𝑝(𝜎) = 𝜎𝑎5−1𝑒𝑥𝑝 (𝑏5𝜎) 

𝑝(𝜃, 𝛾) = 𝜃−1 

 

 



  

 
 

2.1.5 Bayesian Elastic Net Quantile Regression (BENQReg) 

 

      An elastic net (EN) is a regularization approach introduced by Zou and 

Hastie (2005), that combines the ridge and lasso methods. It deals with 

relevant predictor variables that are highly associated with one another, and 

EN usually outperforms the lasso method (Osborne. et al. 2000). When there 

are substantial correlations between groups of predictor variables, the 

combined penalties technique EN is used to cope with the grouping impact of 

predictor variables. The EN technique is created by combining the two 

penalizing (ridge and lasso) functions, which reduces the variance of the 

estimators and reduces the bias to a lesser amount. The tradeoff between the 

estimator's bias and variance resulted in a more interpretable regression model 

with higher prediction accuracy (Almusaedi, and Flaih.2020). The following 

is the elastic net estimator: 

 

Where 𝜆1 , 𝜆2 ≥ 0 are the shrinkage parameters that control the amount of 

shrinkage. Where is the L1 norm penalty for β                                 (used to 

impose sparsity) and is the L2 norm penalty for β                                (used to 

combat multicollinearity). The EN tries to enhance prediction by using the L1 

norm to perform automated variable selection and the L2 norm to stabilize the 

solution pathways. According to Zou and Hastie (2005), the EN penalty 

supports covariate grouping so that strongly correlated variables tend to be 

together in or out of the subset selection. Furthermore, the EN is especially 

(2.20) 



  

 
 

beneficial when there are significantly more factors than the sample size. 

(Alhamzawi. 2016). 

 

2.1.5.1. The Hierarchical Model  

Along with the QReg model and the prior distribution, we have the following 

hierarchical model for BENQReg, the prior formulation of 𝜋 (𝛽) is specified 

as follows: 

 

𝑦𝑖 = 𝑥𝑖
′𝛽𝑝 + 𝜃𝑧𝑖 +  2𝜎𝑧𝑖  𝜉𝑖 

𝑝(𝜉𝑖) =
1

 2𝜋
𝑒𝑥𝑝 {−

1

2
𝜉𝑖
2} 

𝑧𝑖| 𝜎~𝐸𝑥𝑝(
𝑝(1 − 𝑝)

𝜎
) 

𝛽𝑗|𝑠𝑗 , 𝛿2~
1

√
2𝜋(𝑠𝑗 − 1)

2𝛿2𝑠𝑗

𝑒𝑥𝑝 {
−1

2
(
𝑠𝑗 − 1

2𝛿2𝑠𝑗
)−1𝛽𝑗
2} 

𝑠𝑗|𝛿1~𝛤
−1 (
1

2
, 𝛿1) 𝑠𝑗

−1
2 𝛿1

1
2𝑒𝑥𝑝{𝛿1𝑠𝑗}𝐼(𝑠𝑗 > 1) 

𝜎, 𝛿1, 𝛿2~𝜎
𝑐1−1𝑒𝑥𝑝{−𝑑1𝜎} 𝛿1

 𝑐2−1𝑒𝑥𝑝{−𝑑2𝛿1} 𝛿2
 𝑐3−1𝑒𝑥𝑝{−𝑑3𝛿2} 

 

 



  

 
 

 2.2 The Second Section  
  

The Proposed Method 
 

 

2.2.1 Introduction 
 

 

       We study composite quantile regression (CQReg) with composite 

group bridge penalty for model selection and estimation. Compared to 

conventional mean regression, CQReg is an efficient and robust estimation 

approach. A simple and efficient algorithm was developed for posterior 

inference using a pseudo composite ALD which can be formulated as a 

location-scale mixture of normals. The composite group bridge priors were 

formulated as a scale mixture of multivariate uniforms.  
 

    Standard mean regression considers the conditional expectation of the 

dependent variable 𝑦 =  (𝑦1,· · · , 𝑦𝑛)
′ given a matrix of covariates 𝑋 = (𝑥1,·

 · · , 𝑥𝑛), where 𝑥𝑖 = (𝑥𝑖1,· · · ,  𝑥𝑖𝑝)
′
.  However, the standard mean regression 

is very sensitive to non-normal errors as well as outliers in the data, which are 

common in many applications (Koenker and Bassett, 1978; Yu and Moyeed, 

2001). QReg has been raised as a valuable extension to standard mean 

regression and puts very minimal conditions on the errors and thus can 

accommodate non-normal error distributions.  In addition, QReg is more 

robust to outliers than standard mean regression (Koenker, 2005). However, 

Zou and Yuan (2008) indicated that QReg can result in an arbitrarily small 

relative efficiency compared to the standard mean regression.  



  

 
 

𝑏𝜃1 , … , 𝑏𝜃𝑘 , 𝛽 

To improve the efficiency, Zou and Yuan (2008) proposed composite 

quantile regression (CQReg) estimation which can draw information of 

multiple quantiles together to provide a set of robust estimates, and they 

pointed out that CQReg can deliver estimation efficiency gains over a single 

QReg. Since its inception by Zou and Yuan (2008), CQReg has been the 

subject of considerable theoretical interest as well as a great body of 

applications in many fields such as econometrics, biomedical studies, survival 

analysis, microarray study, and growth chart (Alhamzawi, 2016; Tian et al., 

2016; Alhamzawi et al., 2011; Alhamzawi and Ali, 2017).  

In a QReg setup, we have the following model: 

 

 

  𝑦𝑖 =  𝑏 𝜃 +  𝑥𝑗𝑖𝛽 + 𝜉i,         𝑖 =  1,· · · , 𝑛     and      𝜃 ∈  (0, 1),        (2.21)  

 

where bθ is the quantile intercept, β = (β1, · · · , βp)
j and 𝜖i’s are independent 

with their θth quantiles equal to 0. Denote 0 < θ1 < θ2 < · · · < θK < 1, where 

θk= k/(K + 1). The CQReg estimators of bθ = (bθ1 , · · ·, bθK ) and β can be 

estimated as follows (Zou and Yuan, 2008). 

min           ∑{∑𝜌𝜃𝑘

𝑛

𝑖=1

𝑘

𝑘−1

(𝑦𝑖 − 𝑏𝜃𝑘 − 𝑥𝑖
′𝛽)} , (2.22) 



  

  

    

    Where 𝜌𝜃(𝑤)  =  𝑤𝜃 − 𝑤𝐼 (𝑤 ≤  0) is the quantile check (loss) function and 

I(.) is the indicator function. Although the asymptotic theory for CQReg has been 

well developed (Zou and Yuan, 2008; Bradic et al., 2011), a Bayesian solution 

allows fit inference even if n is relatively small. Huang and Chen (2015) and 

Alhamzawi (2016) proposed Bayesian formulations of CQReg using the 

asymmetric Laplace distribution (ALD) for the error distribution and drawing β 

from its posterior using Gibbs samplers. An important problem in building a 

CQReg model is the selection of active covariates. The prediction exactness can 

often be increased by selecting a suitable subset of covariates. The first use of 

regularization in CQReg is made by Zou and Yuan (2008), which put the lasso 

penalty on the regression coefficients vector β to shrink the inactive covariates 

toward zero. From a Bayesian counterpart, Huang and Chen (2015) proposed a 

Bayesian CQReg with a lasso penalty. 

     In this section, we consider the CQReg with composite group bridge penalty. 

Empirical evidence of the attraction of the proposed approach is demonstrated 

by extensive simulation studies and real data analysis. 

2.2.2 CQR with Composite Group Bridge Penalty 
 

After Seetharaman (2013), we propose the composite group bridge CQReg 

estimator, which solves the following: 

where 0 <  𝛼 ≤  1 and 0 <  𝛾 ≤  1 are the concavity parameters. 

(2.23) 



  

  

 

which can be written as a scale mixture of uniform: 

 

𝛽𝑔|𝑢𝑔, 𝛼 ∼ Multivariate Uniform(Ω𝑔) independently for 𝑔 = 1, · · ·, G, 

 

 

where Ωg =   

 

 

 

 

 

 

Then the conditional distribution of  𝛽 is 

 

 

1- To proceed with Bayesian analysis, we assume the following priors for λ1,· 

· ·, λG ∼∏ Gamma(𝑎, 𝑏),𝐺
𝑔=1

 
𝛼 ∼ 𝐵𝑒𝑡𝑎(𝑐, 𝑑), 𝛾∼ 𝐵𝑒𝑡𝑎(𝑒,𝑓 ), and 

𝜎 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑟, 𝛿) where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒,𝑓, 𝑟 and 𝛿 are hyperparameters 

(Aloqaili, and Alhamzawi. 2022\a). 

. 

 

 

 

 
 

(2.24) 

(2.26) 

(2.25) 

(2.27) 



  

  

2.2.3 Bayesian Hierarchical Modeling 

 

     The Bayesian hierarchical model corresponding to the minimization 

problem in (2.23) is given by :

𝑦𝑖 = (𝑏𝜃𝑘 + 𝑥𝑖
′𝛽 + 𝜉𝑘𝑤𝑖𝑘 +  2𝜎𝑤𝑖𝑘𝜖𝑖)

𝑘

𝑘=1

 

𝑤|𝜎 ~   
θ𝑘(1 − θ𝑘)

𝜎

𝑛

𝑖=1

𝑘

𝑘=1

exp (
θ𝑘(1 − θ𝑘)

𝜎
𝑤𝑖𝑘) 

𝜖~ 𝑁(0,1),

𝑛

𝑖=1

 

                   𝛽𝑔|𝑢𝑔, 𝛼 ∼ Multivariate Uniform (Ω𝑔) independently for 𝑔 = 1, · · · , G, 

               Where Ω𝑔 =  {𝛽𝑔 ∈  ℝ
𝑚𝑔 : ∑ |𝛽𝑔𝑗|

𝛾𝑚𝑔
𝑗=1

 < 𝑢𝑔

1

𝛼}, 

                  𝑢1, … , 𝑢𝐺|𝜆1, … , 𝜆𝐺 , 𝛼, 𝛾~ 𝐺𝑎𝑚𝑚𝑎 (
𝑚𝑔

𝛼
+ 1, 𝜆𝑔) ,

𝐺

𝑔=1

 

 

,   𝑖 = 1,… , 𝑛, 

(2.30) 

(2.29) 

(2.28) 

(2.31) 



  

  

𝜆1,· · ·, 𝜆𝐺  ~ Gamma(𝑎, 𝑏)

𝐺

𝑔=1

 

𝛼 ∼  𝐵𝑒𝑡𝑎 (𝑐, 𝑑), 

𝛾 ∼  𝐵𝑒𝑡𝑎 (𝑒,𝑓), 

𝜎 ∼  𝐺𝑎𝑚𝑚𝑎 (𝑟, 𝛿), 

The MCMC algorithm for the proposed method can be obtained as described 

in Section 2.2.3.1(Aloqaili and Alhamzawi. 2022\a). 

 

2.2.3.1 Bayesian Sampler 

 

    It is straightforward to see that the full conditional posteriors can be derived 

using simple algebra for the prior specification and the parameters of interest 

(bθ, 𝜷, 𝝈,𝒘, 𝒖, 𝝀, 𝜶) can be sampled as listed below the MCMC algorithm for 

the above-proposed method can be obtained as described in Section 2.2.3.2.: 

 1. Sample     𝜷|. 𝑵𝒑(𝜷, 𝑩)  𝐼

𝐺

𝑔=1

{∑|𝛽𝑔𝑗|
𝛾

𝑚𝑔

𝑗=1

< 𝑢𝑔
1
𝛼  }, 𝑤ℎ𝑒𝑟𝑒          

          

 

              𝐵−1 = (∑∑
𝑥𝑖𝑥𝑖
′

2𝜎𝑤𝑖𝑘

𝐾

𝑘=1

𝑛

𝑖=1

)      𝑎𝑛𝑑,       

  

  

              𝛽 = 𝐵 (∑∑
𝑥𝑖(𝑦𝑖 − 𝑏𝜃𝑘 − 𝑥𝑖

′𝛽 − 𝜉𝑘𝑤𝑖𝑘)

2𝜎𝑤𝑖𝑘

𝐾

𝑘=1

𝑛

𝑖=1

)           

  

 2. Sample  𝑏𝜃𝑘 | . ~ 𝑁 (
∑ (𝑦𝑖 − 𝑏𝜃𝑘 − 𝑥𝑖

′𝛽 − 𝜉𝑘𝑤𝑖𝑘) 2𝜎𝑤𝑖𝑘 𝑛
𝑖=1

∑ 1 2𝜎𝑤𝑖𝑘 𝑛
𝑖=1

,
1

∑ 1 2𝜎𝑤𝑖𝑘 𝑛
𝑖=1

)   

(2.34) 

(2.32) 

(2.35) 

(2.33) 



  

  

3. Sample  𝑤𝑖𝑘 |.~ inverse Gaussian (
1

2𝜎
 , √

1

(𝑦𝑖−𝑏𝜃𝑘−𝑥𝑖
′𝛽)2
) 

 

4. Sample 𝜎|. ~ inverse Gamma (
3𝑛𝐾

2
+ 𝑟,
1

2
∑ ∑

(𝑦𝑖−𝑏𝜃𝑘−𝑥𝑖
′𝛽−𝜉𝑘𝑤𝑖𝑘)

2

2𝑤𝑖𝑘

𝐾
𝑘=1

𝑛
𝑖=1 +

∑ ∑ 𝜃𝑘(1 − 𝜃𝑘)
𝐾
𝑘=1

𝑛
𝑖=1  𝑤𝑖𝑘 + 𝛿) 

5. Sample 𝑢|. ~∏ 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 (𝜆𝑔)𝐼{𝑢𝑔
𝐺
𝑔=1 > (∑ |𝛽𝑔𝑗|

𝛾𝑚𝑔
𝑗=1

)
𝛼
} 

6. Sample 𝜆|. ~ ∏ 𝐺𝑎𝑚𝑚𝑎 (𝑎 +
𝑚𝑔

𝛼
, 𝑏 + (∑ |𝛽𝑔𝑗|

𝛾𝑚𝑔
𝑗=1

)
𝛼
)𝐺

𝑔=1   

7. Sample 𝛼|. ~ 
𝛼𝑐−1(1−𝛼)𝑑−1

{Γ(
1

𝛾
 +1)}

𝑝  ∏
𝜆𝑔
𝑚𝑔 𝛼 
 Γ(
𝑚𝑔

𝛾
+1)

 Γ(
𝑚𝑔

𝛾
+1)
exp(𝐺

𝑔=1 −

∑ 𝜆𝑔
𝐺
𝑔=1 (∑ |𝛽𝑔𝑗|

𝛾𝑚𝑔
𝑗=1

)
𝛼
)  Which has no closed form. Since 𝑝(𝛼|. ) is a log-

concave, we update 𝛼 using Adaptive Rejection Sampling (ARS, 

Gilks,1992). 

8. Sample 𝛾|. ~ 
𝛾𝑒−1(1−𝛾)𝑓−1

{Γ(
1

𝛾
 +1)}

𝑝  ∏
𝜆𝑔
𝑚𝑔 𝛼 
 Γ(
𝑚𝑔

𝛾
+1)

 Γ(
𝑚𝑔

𝛾
+1)

𝐺
𝑔=1  exp 

(−∑ 𝜆𝑔
𝐺
𝑔=1 (∑ |𝛽𝑔𝑗|

𝛾𝑚𝑔
𝑗=1

)
𝛼
),  

Which has no closed form. Since 𝑝(𝛾|. ) is a log-concave, we update 𝛾 using 

Adaptive Rejection Sampling (ARS, Gilks,1992). 
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3.1. Introduction 

         

    In this part, simulation was used to compare the studied strategies to find 

the optimum estimation method between them. Five approaches were 

compared (QReg, BQReg, BLQReg, BALQReg, and BENQReg) With our 

suggested method (BCQReg), A comparison of the aforementioned 

approaches were done. The initial step is to estimate the parameters. Then we 

used to utilize mean square errors (MSE) as a metric to evaluate the 

performance of each approach, and by doing so, we can determine which 

method is the best and most accurate by producing better results than others. 

To estimate the five approaches (QReg, BQReg, BLQReg, BALQReg, 

BENQReg) in addition to our suggested method (BCQReg)    . 

     A sample of 150 observations of over 500 repeats was used. The number 

of significant factors that vary from one example to another is referred to 

throughout this thesis as (S). The correlation coefficient is denoted by the 

symbol (𝜌), and in this study, we used five values of (𝜌) that are (0.05, 0.15, 

0.50, 0.70, 0.90). The algorithms under study were programmed in the R 

language, and the outcomes and their interpretation were shown. Excel is used 

to display graphs for additional illustration. 

 

 

 

 



  

  

3.2. Simulation 1 (Very Sparse) 

 In this simulation study, we generate 150 views of the model 

𝑦𝑖= 𝑥𝑖
′𝛽 + 𝜉𝑖  

Where 𝑥i represents a vector of (20) independent variables. Where S=1 

Represents the number of influencing or important variables 

β(5,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0). In Simulation 1 we focus on the 

effect of correlation ( 𝜌) on the performance of the studied methods (QReg, 

BQReg, BLQReg, BALQReg, BENQReg, and BCQReg). Five levels (0.05, 

0.15, 0.50, 0.70, 0.90) of ( 𝜌) have been adopted, as shown in table (3.1) 

below. 

 

     At first look, all methods (QReg, BQReg, BLQReg, BALQReg, and 

BENQReg,) take ascending numbers with increasing percentages (𝜌), which 

is standard. To evaluate the data in depth, we must first understand that the 

approach that obtains the lowest MSE with varying values of (𝜌) is the best-

performing method among the others. 

        We can see that the BENQReg method has the lowest value (1.4982) at 

(0.05), while the BQReg method has the highest value (2.9120), indicating 

that the BENQReg technique is the best performance at 0.05. At (𝜌=0.15), the 

𝜌 QReg BQReg BLQReg BALQReg BENQReg BCQReg 

0.05 1.7756 2.9120 2.3462 2.2511 1.4982 

1.341 

0.15 3.3900 2.9192 1.5117 1.8400 1.5723 

0.50 3.2240 2.8759 1.3922 1.6230 1.6003 

0.70 3.3587 3.1348 1.4970 1.9585 1.6924 

0.90 3.3587 3.0907 1.6874 1.7908 1.7002 

Table (3.1) 

Shows MSE for methods (QReg, BQReg, BLQReg, BALQReg, BENQReg, 

and BCQReg),𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90). 



  

  

BLQReg technique had the lowest value (1.5117) and hence the greatest 

performance, whereas QReg had the highest value (3.3900) and so the poorest 

performance. When the ratio was (𝜌=0.50), BLQReg returned as the best 

technique with a value of (1.3922), pushing the QReg method farther away 

with the highest value (3.2240) and the worst work. BLQReg was the best 

technique for the third time, with a value of (1.4970), the lowest among its 

competitors.  

       Furthermore, with 𝜌 = 0.70, the QReg algorithm produces the greatest 

error rate (3.3587). The conflict intensified, with extremely close results 

among the Bayesian approaches (BLQReg, BALQReg, and BENQReg) to be 

the least valuable (1.6874) for BLQReg to establish itself to be the best way. 

Also returns QReg method (3.3587) produced findings comparable to the 

previous one. Nevertheless, our proposed method ( BCQReg) recorded its 

clear superiority over all methods by obtaining at least MSE ( 1.341). Thus, 

when S=1, β (5,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0) the figures that follow 

will illustrate this. 

 

 

 

 

 

 

 

Figure (3.1): QReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.2): BQReg method when    

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 



  

  

 

 

 

 

 
 

  

 

 

 

 

 

Figure (3.1) shows that the QReg technique began low at the first point (𝜌 = 

0.05), then increased and formed a semi-straight route with the remaining 

points (0.15, 0.50, 0.70, 0.90). Except for the BLQReg technique, which goes 

slightly in a certain direction to the bottom, graphs (3.2), (3.3), and (3.4) of 

the methods (BQReg, BLQReg, BALQReg) show the fluctuation and 

instability of the points on a specific pattern. 

Figure (3.5) explains the stability of the BENQReg technique by its semi-

organized downward regression behavior; while it was not the best method, it 

Figure (3.3): BLQReg method when 

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.4): BALQReg method when 

𝜌= (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.5): BENQReg method when   

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.6): BCQReg method when   

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 



  

  

was the most stable and balanced of the five methods. The accompanying 

figure (3.6) consists of a single point that extends like a cloud covering all 

levels of (𝜌) according to the attributes of CQReg, however, BCQReg was the 

most efficient, best performing, and stable . 

figure (3.7) depicts the routes of all the investigated approaches in greater 

detail. 

       We notice from Table (3.7) that 𝜌 at (0.05) is at its lowest point at  

BCQReg and BENQReg, while it reaches its highest peak at BQReg and 

BALQReg. In the rest of the levels of 𝜌 (0.15, 0.50, 0.70, 0.90) and the 

methods (QReg, BQReg, BLQReg, BALQReg, and BENQReg) we see that 

they have an almost similar shape, as they are located at the highest value at 

QReg and reach the bottom (lowest point) at BLQReg as well as at BCQReg 
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Figure (3.7) :Shows when MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg),and 𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90).    



  

  

 

3.3. Simulation 2 (Sparse) 

      In this simulation study, we generated 150 observations  of the model 

Where 𝑥i represents a vector of (20) independent variables. Where S=5 

Represents the number of influencing or important variables β (5, 0, 0, 0, 3, 

0, 0, 0, 0, 5, 0, 0, 0, 0, 0, 2, 0, 0, 0, 7). In Simulation 2 we focus on the effect 

of correlation ( 𝜌) Five levels (0.05, 0.15, 0.50, 0.70, 0.90) of ( 𝜌) have been 

adopted on the performance of the studied methods (QReg, BQReg, BLQReg, 

BALQReg, BENQReg, and BCQReg). As shown in table (3.2). 

 

    If we take an overview of Table (3.2), we will notice in general that the 

methods (BQReg, BLQReg, BALQReg, and BENQReg) mostly take 

ascending values with increasing percentages 𝜌 except for BCQReg which 

takes a single value representing all points  ,and QReg which seemed to remain 

constant without any change regardless of the change in the percentage of 𝜌. 

A detailed reading of the results was carried out, and we based our evaluation 

on the best method. The method that achieves the lowest MSE at different 

levels of 𝜌 is the best-performing method than the other methods. 

       When (𝜌 = 0.05) we notice that the BENQReg method is the lowest value 

(1.7127) while the QReg method has the highest value (2.9120), meaning that 

𝑦𝑖= 𝑥𝑖
′𝛽 + 𝜉𝑖  

𝝆 QReg BQReg BLQReg BALQReg BENQReg BCQReg 

0.05 3.3587 3.1648 2.7039 2.0290 1.7127 

1.794  

0.15 3.3587 3.0721 2.1158 1.6903 1.7848 

0.50 3.3587 3.0242 2.4044 1.8400 1.8273 

0.70 3.3587 3.0966 2.5255 1.7589 1.8999 

0.90 3.3587 3.1192 2.2736 2.1276 1.9545 

Table (3.2) Shows MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg,and BCQReg),𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90). 



  

  

QReg has a bad performance compared to the rest of the methods, while 

BENQReg is the best performing at this point. BALQReg method emerged 

with the lowest value (1.6903) at (𝜌=0.15) close to BENQReg (1.7848) and 

therefore the best performance, while QReg recorded the highest value 

(3.3587) as the worst performance. And when the ratio of (𝜌=0.50). 

BENQReg returned as the best method with a value of (1.8273), it made the 

QReg method move away a lot and the value remained constant, and this 

explains two things to us either this method collapsed with the rise of the 

percentage of 𝜌 or that it is not affected by it. 

     BALQReg came for the second time as the best method, with a value of 

(1.7589), the lowest among its companions. Also, the QReg method returns 

the same previous result as the highest error rate when 𝜌=0.70. In the end, 

there is a competition with somewhat close results among the Bayesian 

methods (BLQReg, BALQReg, and BENQReg) to be the least valuable 

(1.9545) among those methods. While the QReg (3.3587) with the same 

result, which was fixed in all points. Our proposed method recorded the lowest 

MSE ever and was very close to both methods  BENQReg and 

BALQReg.Thus, the BCQReg method is the best method followed by 

BENQReg and BALQReg when S=5, β (5, 0, 0, 0, 3, 0, 0, 0, 0, 5, 0, 0, 0, 0, 

0, 2, 0, 0, 0, 7) and (0.05, 0.15, 0.50, 0.70, 0.90) of 𝜌. This will be illustrated 

by the graphs below. 

 

 

 

 



  

  

 

 

 

 

 

  

   

  

 

 

 

 

 
 

 

 

 

 

 

  

 

 

 

 

Figure (3.12): BENQReg method when         

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.8): QReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.9): BQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.10): BLQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.11): BALQReg method 

when 𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.13): BCQReg method when   

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 



  

  

 

        The points distributed on the graph in Figure (3.8) indicate a straight line 

indicating the stability of the MSE values of the QReg method at all levels 

(0.05, 0.15, 0.50, 0.70, 0.90), and this explains why QReg was not affected by 

an increase 𝜌, or that QReg failed to represent the data when a percentage 

increased 𝜌. We notice from graph (3.9) that the (BQReg) method started high 

at the first point (𝜌 =0.05), then it started declining at (0.15) to reach the 

bottom at (0.50) recorded (3.0242), after that it started rising to return to the 

top, forming a similar shape. with the letter (V). In general, the difference was 

not significant between the MSE values at all levels (0.05, 0.15, 0.50, 0.70, 

0.90) as all points are confined between (3.1192- 3.1648), which is close to 

the QReg method . 

        As for figure (3.10) which represents the MSE values of the BLQReg 

method, the values took a volatile and unstable form that started high with the 

first value of MSE (0.05), achieving (2.7039), and then declined despite the 

increase ρ to return and rise to the same previous level with (0.50), and rose 

more with an increase 𝜌 then returned and decreased at the last point (0.90) 

recorded (2.2736). We note that all MSE values are very close to each other 

and at all levels (0.05, 0.15, 0.50, 0.70, 0.90) despite the instability of these 

values and the fluctuation of their results . 

      The BALQReg method is represented in figure (3.11). We note that the 

points are not stable in a specific shape or did not take a specific path, but they 

came very close together, so we do not see a divergence between collecting 

points, however, BALQReg scored it on the rest of the methods on two 

occasions, at (0.15) and scored (1.6903), at (0.70) scored (1.7589), which is 

the lowest value of MSE, and the rest of the points are very close to scoring 



  

  

the best results, and therefore the BALQReg method achieved the second best 

method by dealing with 𝜌. 

 Looking at Figure (3.12), which explains the stability of the BENQReg 

method, behaves as a radial line towards the top in a semi-orderly manner. It 

was the most stable and balanced method among the five methods (QReg, 

BQReg, BLQReg, BALQReg, and BENQReg) and recorded the lowest MSE 

on three occasions, making it the best method. We notice that BENQReg 

increases in an orderly manner with the increase of the percentage of ρ unlike 

the rest of the methods (BQReg, BLQReg, and BALQReg) that were not 

known to be settled within a specific path  .The following figure (3.13) The 

point of the spread of MSE in the method BCQReg where we note that it 

covers all levels and in a straight line. 

  Figure (3.14) shows the MSE points at all levels 𝜌 (0.05, 0.15, 0.50, 0.70, 

0.90) of the studied and suggested methods more broadly and clearly. 

 

 



  

  

     

          In Figure (3.14) we note that 𝜌 at (0.05) is at its lowest point MSE at 

BCQReg followed by BENQReg and BALQReg, while its highest peak is 

reached at QReg and BQReg in all levels 𝜌 (0.15, 0.50, 0.70, 0.90). The (3.14) 

figureheads are in a semi-straight line to the bottom, while (0.15) starts from 

the top but descends quickly towards the bottom to be at BALQReg at its 

lowest MSE value to rise slightly after that in an unorganized way . 

    We notice that with the increase in the value of 𝜌, the Bayesian methods 

(BLQReg, BALQReg, and BENQReg) are commercial and deal with it well. 

Therefore, we see the levels of 𝜌 (0.50, 0.70, and 0.90) MSE results converge 

with each other in a semi-orderly and balanced manner with close results. 

Where (𝜌=0.50) recorded its lowest point at BENQReg. While the BALQReg 

method imposed itself as the lowest point where the level of (ρ=0.70) 

0.05

0.15

0.5

0.7

0.9

0

0.5

1

1.5

2

2.5

3

3.5

QReg
BQReg

BLQReg
BALQReg

BENQReg
BCQReg

0.05 0.15 0.5 0.7 0.9

Figure (3.14) :Shows when MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg),and 𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90).    



  

  

decreases. BENQReg returns the lowest point of (ρ=0.90). It is noteworthy 

that the highest points at all levels of ρ were achieved by the QReg method. 

   Table (3.2) and figures (3.8, 3.9, 3.10, 3.11, 3.12, and 3.13) show us that all 

the studied methods (QReg, BQReg, BLQReg, BALQReg, and BENQReg) 

increase their MSE values with the increase of the percentage off the change 

in the levels of ρ. Nevertheless, QReg recorded the highest MSE at all levels 

of ρ, faring well from the rest. While BCQReg repeated its position to be the 

best-performing method for the rest of the studied methods. 

3.4. Simulation 3 (Sparse) 
 

    In this simulation study, we generated 150 observations of the model 

𝑦𝑖= 𝑥𝑖
′𝛽 + 𝜉𝑖 

     Where 𝑥i represents a vector of (20) independent variables. Where S=10 

Represents the number of influencing or important variables. β = (0, 3, 6, 0, 

1, 0, 7, 0, 2, 4, 0, 3, 0, 6, 0, 0, 0, 7, 0, 4). In simulation 3 we focus on the effect 

of correlation ( 𝜌) on the performance of the studied methods (QReg, BQReg, 

BLQReg, BALQReg, BENQReg, and BCQReg). Five levels (0.05, 0.15, 0.50, 

0.70, 0.90) of ( 𝜌) have been adopted, as shown in table (3.3). 

 

 

           

       

 



  

  

Table (3.3) 

Shows MSE for methods (QReg, BQReg, BLQReg, BALQReg, BENQReg 

,and BCQReg),𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90). 

 

 

     

  

        In this simulation, we find that it differs somewhat from the previous 

ones. Once we take an overview of Table (3.3), we see all the methods (QReg, 

BQReg, BLQReg, BALQReg, and BENQReg). It does not follow a specific 

trend (upward or downward) and is unstable, except for QReg, which does not 

accept change despite the change of 𝜌 ratios. As well as the BCQReg method, 

which remains constant because it takes one value  .  As for the rest of the roads, 

they increase at times and decrease at other times. To analyze the results in 

detail, we must know that the method that achieves the lowest MSE is the 

best-performing method of the other studied methods, taking into account the 

differences in the values of 𝜌. 

     We note that the BENQReg method has the lowest value (1.7649) at 

(𝜌=0.05), while the BALQReg method came as a runner with a value of 

(1.9453), meaning that BENQReg is the best performer when it 𝜌 = 0.05. At 

(𝜌=0.15), the BALQReg method emerged as the lowest value of MSE 

(1.5687), and therefore BALQReg was the best performer. while QReg 

remained constant at the value (3.3587) as the worst performance. When the 

ratio was (𝜌=0.50), BALQReg returned as the best method with a value of 

(1.9196). It made the QReg method move away a lot as long as it continued 

with a constant MSE value for it, and we note that BQReg method is also far 

from the lowest value of MSE and closely close to QReg. With a value of 

𝝆 QReg BQReg BLQReg BALQReg BENQReg BCQReg 

0.05 3.3587 3.1620 2.5009 1.9453 1.7649 

1.898 

0.15 3.3587 3.0712 2.6274 1.5687 1.9734 

0.50 3.3587 3.0701 2.5924 1.9196 2.1367 

0.70 3.3587 3.1237 3.0706 2.6939 2.1869 

0.90 3.3587 3.1219 2.4975 1.7078 2.2005 



  

  

(2.1869), the BENQReg method was recorded as the best method in terms of 

MSE at 𝜌=0.70. At the same time, the QReg method remained the worst 

performing method, and it was close to the result as the second worst method 

of BQReg registered (3.1237). 

      For the third time, BALQReg came out as the best method, with a value 

of (1.7078) being the lowest among its companions. Also, the QReg method 

returns the same value (3.3587) as the highest MSE when 𝜌 =0.90. The 

competition is strong and with somewhat close results among the Bayesian 

methods (BLQReg, BALQReg, and BENQReg) to be the two methods 

(BLQReg and BENQReg), respectively, the second and third-best methods. 

At the time the BQReg method was approached as the second worst method. 

While BCQReg was the best method ever, as it scored the lowest MSE among 

the other methods 

Finally, we conclude that the BCQReg method is the best, followed by the 

methods (BALQReg  ,  BLQReg, and BENQReg) with very close and similar 

results. While QReg recorded the most MSE method, it was followed by the 

BQReg method with a slight difference. When S=10, β (0, 3, 6, 0, 1, 0, 7, 0, 

2, 4, 0, 3, 0, 6, 0, 0, 7, 0, 4) and (0.05, 0.15, 0.50, 0.70, 0.90) of 𝜌. This will 

be illustrated by the following graphs. 



  

  

Figure (3.20): BCQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

 

 

        

 

   

Figure (3.16): BQReg method when         

𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90). 
Figure (3.15): QReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.17): BLQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.18): BALQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.19): BLQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 



  

  

     In Figure (3.15) the points distributed in the form of a straight line indicate 

the stability of the MSE values of the QReg method at all levels 𝜌 and this 

explains the failure of QReg to represent the data when the percentage of 𝜌 is 

high or the QReg is not affected by the increase 𝜌. We note from Figure (3.16) 

that the BQReg method started rising at the first point (𝜌=0.05), then it started 

declining at 𝜌(0.15 and 0.50) to reach the bottom recorded (3.071200, 

3.070144) Straight. When after that, it started to rise to return to the top to 

settle above when 𝜌= (0.70,0.90). In general, the difference was not 

significant between the values of MSE, as they were close at all levels of 𝜌, 

as all points were confined between (3.0712,3.1237) which is close to the 

QReg method. 

     Looking at Figure (3.17), which shows the MSE values of the BLQReg 

method, the values assumed a volatile and unstable. beginning to decline with 

the first value (𝜌=0.05) achieved (2.5009), rising with an increase 𝜌. 

Returning to the same previous level with (0.50), rising even more at its 

highest point with the increase of, and falling again at the last point (𝜌=0.90) 

recorded (2.4975). We see that all MSE values are extremely near to one 

another and at all levels (0.05, 0.15, 0.50, 0.70, 0.90). However, it was also 

shown that these MSE values are unstable and that their results are vacillation. 

     Figure (3.18) shows the BALQReg method. We note that the points are not 

stable in a specific shape or did not take a specific path, but they came very 

close together, so we do not see a divergence between collecting the points 

except in one case, which is when 𝜌=0.70. Nevertheless, BALQReg scored 

success over the rest of the methods on three occasions, at (0.15) the outcome 

was (1.568757), at (0.50) scored (1.9196), and MSE (1.7078) at (0.90). Note 

that the rest of the points are very close to scoring the best results and therefore 



  

  

BALQReg method achieved the best method by dealing with ρ and changing 

its ratio. 

      Viewing Figure (3.19), which exhibits an ascending line that acts 

somewhat orderly at the top, explains the stability of the BENQReg. The 

method was the most stable and balanced among the five methods (QReg, 

BQReg, BLQReg, BALQReg, and BENQReg) and the lowest MSE was 

recorded on two occasions when (0.05) where it scored (1.7649). At (0.70) it 

was recorded as (2.1869). Consequently, it is the second-best approach. 

Contrary to the rest of the approaches which were not known to be settled 

along a certain route, we see that BENQReg rises in an orderly manner with 

the growth of the proportion of 𝜌. We cannot, however, claim that it is the 

optimal approach. Figure (3.20) shows the location of the point MSE for 

BCQReg, which differs from all the studied methods because it is always 

represented by one point, but it is comprehensive. 

Figure (3.21) below depicts the MSE points at various levels of 𝜌 = (0.05, 

0.15, 0.50, 0.70, 0.90) for the investigated approaches (QReg, BQReg, 

BLQReg, BALQReg, BENQReg, BCQReg,) in further context. 

 

 

 

 

 



  

  

 

     Figure (3.21) shows that (𝜌=0.05) the BENQReg method has its lowest 

point, followed by BCQReg and BALQReg respectively. While BALQReg 

method recorded the lowest point when ( 𝜌=0.15) followed by BCQReg .But 

our proposed method performs well in  ( 𝜌=0.5, 𝜌=0.7)  where the lowest 

value MSE was recorded .  To return, BALQReg imposes itself as a stubborn 

opponent that refuses to be displaced from the first place as the lowest height 

among its peers.       

 There are still two methods that we did not refer to, BQReg and QReg, where 

they scored the highest points at all levels of 𝜌, where QReg was the highest 

value for MSE despite the stability of its value from the beginning to the last 

percentage of 𝜌. 

We note the decline in the preference using it is limited to the Bayesian 

methods and in particular the three methods (BCQReg, BALQReg, 
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Figure (3.21) :Shows when MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg),and 𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90).    



  

  

BALQReg) despite the probability of our proposed method and its success 

over the rest of the methods, but the two methods (BALQReg, BALQReg) 

performed well with a small difference from the proposed method, knowing 

that the last two methods have succeeded on several occasions on BCQReg. 

However, BCQReg was the best-performing and most accurate. 

Through the figures (3.15, 3.16, 3.17, 3.18, 3.19,3.20, and 3.21) in addition to 

table (3.3), it turns out that all the studied methods (QReg, BQReg, BLQReg, 

BALQReg, and BENQReg) increase their MSE values with the increase of 

the percentage of 𝜌, except for the QReg method, which remained constant 

and did not change regardless of the change in the levels of 𝜌. development, 

QReg recorded the highest MSE at all levels of 𝜌, faring well from the rest. 

3.2. Simulation 4 (Without Sparse) 

      In this simulation study, we generated 150 observations of the model 

𝑦𝑖= 𝑥𝑖
′𝛽 + 𝜉𝑖 

     Where 𝑥i represents a vector of (20) independent variables. Where S=20 

Represents the number of influencing or important variables 

β(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1). In Simulation 4, we examine the 

impact of correlation (𝜌) on the performance of the strategies under 

consideration (QReg, BQReg, BLQReg, BALQReg, BENQReg, and 

BCQReg ).  

 

 

 



  

  

 

We notice from the first look that all methods (BQReg, BLQReg, BALQReg, 

and BENQReg) have an increase in their (MSE) value with an increase in (𝜌), 

except for QReg, which are fixed in values and did not show any interaction 

with an increase in the percentage of 𝜌و and () for reasons of being a single 

stable point. To examine the efficiency of the studied methods with an 

increase in the percentage of 𝜌. In correlation, we adopted MSE. The method 

that achieves the lowest MSE is the most efficient method than the other 

methods. To find out the most efficient method, we analyzed in detail the 

results in Table (3.4). The results showed that BALQReg method is the least 

MSE method in two places, when (𝜌=0.05), and (𝜌=0.15), followed by 

BENQReg and BCQReg methods with a small margin. While BCQReg 

achieved the lowest MSE in the remaining cases (𝜌=0.50), (𝜌=0.70), and 

(𝜌=0.90) to impose itself as the best way ahead of its competitors BENQReg 

and BALQReg. While QReg remained constant at the bottom of the ranking 

at all levels 𝜌, BQReg stands by it with a very small margin. Thus, BCQReg 

method is the best method when S=20, influences variables β 

(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1). of (QReg, BQReg, BLQReg, 

BALQReg, BENQReg, and BCQReg). As stated in a table (3.4), five levels 

(0.05, 0.15, 0.50, 0.70, 0.90) of 𝜌 . This will be explained more clearly in the 

following graphs. 

𝝆 QReg BQReg BLQReg BALQReg BENQReg BCQReg 

0.05 3.3587 3.1427 1.6197 1.5055 1.5249 

1.666  

0.15 3.3587 3.0289 1.9811 1.5943 1.7693 

0.50 3.3587 3.0275 2.1411 1.9075 1.8002 

0.70 3.3587 3.0719 2.0262 1.9849 1.9863 

0.90 3.3587 3.0878 2.1212 2.0852 2.0069 

Table (3.4) Shows MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg,and BCQReg),𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90). 



  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

       

 

 

Figure (3.23): BQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.22): QReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.24): BLQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.25): BALQReg method 

when 𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 

Figure (3.26): BENQReg method 

when 𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 
Figure (3.27): BCQReg method when 
𝜌 = (0.05, 0.15, 0.50, 0.70, 0.90) 



  

  

 The points distributed as a straight line in Figure (3.22) indicate that the MSE 

values of the QReg method are stable at all levels of 𝜌 (0.05, 0.15, 0.50, 0.70, 

0.90). The (BQReg) method started high at the first point (𝜌=0.05) as shown 

in Figure (3.23), then it started declining at (0.15) as if it fell from a cliff to 

reach the bottom, recording (3.0289). When (𝜌=0.50) remained the same the 

level is not affected by the recorded increase of 𝜌 (3.0275).  After that, it began 

to rise to return to the top to settle above when 𝜌=(0.70,0.90) to form a shape 

closer to the shape of the letter (V). In general, the difference was not 

significant between the MSE values, as they came close to each other at all 

levels of 𝜌, and all the points were confined between (3.1427 - 3.0719) which 

is close to the QReg method. 

      When looking at figure (3.24) which represents the MSE values of the 

BLQReg method, the values took an unstable, oscillating shape and did not 

take a specific shape. It started declining with the first value of (𝜌=0.05) and 

achieving (1.6197), then it rose with the increase of 𝜌 to achieve (1.5943), 

then it moved slightly to the top with (0.50) with the increase of  𝜌. Then it 

returned and fell at a point (𝜌=0.70) recorded (2.0262). At (𝜌=0.90) the values 

of MSE increased to register (2.1212). We notice that all the values of MSE 

are very close to each other and at all levels of 𝜌, however, the instability of 

these values of MSE and the fluctuation of their results were indicated.  

      The BALQReg method was illustrated in Figure (3.25), where we notice 

that the points are somewhat stable and moving upwards. They are very close 

together, so we do not see a divergence between collecting the points. 

BALQReg scored its superiority over the rest of the methods on two 

occasions, at (0.05) and at (1.5055), and at (0.15) at (1.5943. noting that the 

rest of the points are very close to recording the best results. 



  

  

       Figure (3.26) explains the stability of the BENQReg method by its 

behavior of an ascending line towards the top in a semi-orderly manner. It is 

similar to that of the BALQReg method and BCQReg method, which 

competes strongly with it. We note that BENQReg increases in an orderly 

manner with increasing 𝜌. However, we cannot say that it is the best-

performing method because it was very close to my methods (BALQReg, 

BCQReg). Figure (3.27) We note that BCQReg has taken a fixed form from 

one point, as a result of its working mechanism, which has to choose one point 

in this simulation. 

The following figure (3.28) shows the MSE points for the studied methods 

(QReg, BQReg, BLQReg, BALQReg, BENQReg, and  BCQReg  ) at all levels 

of 𝜌(0.05, 0.15, 0.50, 0.70, 0.90) in a comprehensive manner. 

 



  

  

 

     From Figure (3.28) we notice that 𝜌 at (0.05) is at its lowest (MSE) point 

at BENQReg and BALQReg, while it reaches its highest peak at QReg and 

BQReg in all levels 𝜌 (0.15, 0.50, 0.70, 0.90 It starts at the top at QReg and 

BQReg and then descends to the bottom and then goes in a semi-straight line 

to the bottom and then deviates to a little higher at the Bayesian Methods 

(BALQReg, BCQReg, and BENQReg). While (0.15) starts from the top, it 

descends quickly to the bottom to be at (BALQReg) at its lowest MSE value 

to rise a little after that in an unorganized way. 
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Figure (3.28) :Shows when MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg),and 𝜌 is (0.05, 0.15, 0.50, 0.70, 0.90).    



  

  

    We notice that with the increase in the value of 𝜌, the Bayesian methods 

(BLQReg, BALQReg, BENQReg, and BCQReg) deal with it well. At levels of 

𝜌 are (0.50, 0.70, and 0.90) ,  BCQReg recorded the lowest decrease, and 

therefore it is the lowest MSE among the other methods ((BLQReg, 

BALQReg, BENQReg, BQReg, and QReg). It is noteworthy that the highest 

points at all levels of ρ were achieved by the QReg method, despite the 

stability of its value, which was not affected by the value of 𝜌. 

     Through table (3.4) and figures (3.19, 3.20, 3.20, 3.21, 3.22, 3.23, 3.24) it 

is clear to us that all the studied methods (QReg, BQReg, BLQReg, 

BALQReg, BENQReg, and BCQReg) in most cases increase their MSE 

values with the increase of the percentage of 𝜌, except for the QReg method, 

which remained constant and did not change regardless of the change in the 

levels of 𝜌. Despite that, QReg recorded the highest MSE at all levels of 𝜌, 

faring with a significant difference from the rest, and the QReg method shared 

this method, which was adjacent to it at all levels. 

      The outcome of our simulation study is that the Bayesian methods 

(BLQReg, BALQReg, BENQReg, and BCQReg) were the best performing 

than the two methods QReg and BQReg. The BCQReg method recorded an 

outstanding superiority in dealing with the increase in the percentage of 𝜌, and 

it was the best performer in most cases. The BALQReg method came in 

second place and proved itself as a strong competitor that was almost the best 

method, and we notice its distinction when the value of 𝜌 rises. BLQReg came 

in third place, although its results were very close to the previous two 

methods. In general, the three methods came close and follow almost the same 

approach. As for the QReg method, it has the highest value for MSE, although 

its values are stable and not affected by the increase in 𝜌, as it was the worst 

performer. It was followed by BQReg, which was almost adjacent to it but 



  

  

affected by an increase in 𝜌. Despite this, it remained the second-worst 

performer. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

  

 

    

     Chapter Four 

 

             The Practical Part 
 

 

 

 

 

 

 

 

 
 



  

  

4.1 Thalassemia Disease 

        Thalassemia is a genetic disorder condition characterized by low 

hemoglobin production. Red blood cells contain hemoglobin, which carries 

oxygen. It is composed of the proteins alpha and beta. Anemia, which starts 

in childhood and lasts a lifetime, is caused when the body does not create 

enough of one or both of these proteins, which prevents red blood cells from 

growing normally and from being able to carry adequate oxygen. Iron 

overload is one of the disease's complications as well as Splenomegaly, 

osteoporosis, heart and liver problems. As a genetic disorder, thalassemia 

requires at least one carrier parent. It is brought on by a genetic mutation or 

the absence of some crucial genetic elements (Bajwa, H., and Basit, H. 2019).  

Blood tests, such as a complete blood count, specific hemoglobin tests, and 

genetic testing, are frequently used to make a diagnosis. It can also Prenatal 

testing may be used to make a diagnosis before delivery. The pre-marital tests 

are the most important to prevent the transmission and spread of the disease 

because it detects early whether a person who is about to marry is infected or 

a carrier of the infection (Alswaidi, F. M., and O'brien, S.2009). 

About 280 million people worldwide have thalassemia as of 2015, with 

439,000 of them in a serious condition. People of Turkish, Greek, Middle 

Eastern, Italian, and African descent are more likely to experience it, 16,800 

people died as a result of this in 2015, compared to 36,000 in 1990 (Unissa, 

R., et al.2018). 

 
 



  

  

 

 

 

 

4.2 Real Data 

       To compare the methods used in our study using real-world data. 

Thalassemia statistics for the year 2021 were obtained from individuals 

getting treatment at the Center for Genetic Blood Diseases in Babylon 

Governorate. the study sample contained data from 150 patients based on 28 

variables gathered. As indicated in Table (4.1): 

 

 

Figure (4.1) 

Shows the areas in which thalassemia is common in the world 



  

  

 

 

Variables Variables description Rank 
Rank 

description 

X1 Gender 
1.  Male 

2.  Female 

X2 work 

1.  child 

2.  Student 

3.  employee 

4.  Housewife 

X3 Age Numeral years 

X4 Blood Group (BG) 

1.  O 

2.  A 

3.  B 

4.  AB 

X5 Rhesus factor (Rh) 
1.  Positive 

2.  Negative 

X6 

 
type of disease 

 
 

1.   Big 

2.  Medium 

3.  Junior 

X7 Housing environment 
1 City 

2 Rural 

X8 prothrombin time test (PT) 
Numeral  

X9 Partial thromboplastin time test (PTT) 
Numeral  

X10 Glutamat- pyruvic transaminase (GPT) 
Numeral  

X11 
Glutamic-oxaloacetic transaminase 

(GOT) 

Numeral  

X12 Ferritin Numeral  

X13 Hemoglobin Blood Test (HB) 
Numeral  

X14 White Blood Cell (WBC) Numeral  

X15 Red Blood Cell (RBC) Numeral  

Table (4.1) 

Shows the studied variables and their details 



  

  

X16 Blood Urea Test (B.Urea) Numeral  

X17 Packed Cell Volume (PCV) Numeral  

X18 Alkaline Phosphatase (ALP) Numeral  

X19 Platelet Count Test (PLT) Numeral  

X20 Alanine aminotransferase (ALT) Numeral  

X21 Hepatitis Test (HBV) 
1.  Negative 

2.  Positive 

X22 Hepatitis C Virus (Anti HCV) 
1.  Negative 

2.  Positive 

X23 
Human Immunodeficiency Virus Test 

(HIV) 

1.  Negative 

2.  Positive 

X24 Platelet Count (plat. C) Numeral  

X25 Total Serum Bilirubin Test (TSB) 
Numeral  

X26 Calcium Test (S. Ca) Numeral  

X27 
One or both parents is a carriers of the 

genetic trait 

Numeral  

X28 
The number of blood transfusions per 

month 

Numeral  

 

  

4.3 Real Data Results: 

           

      Representing the estimations in Table (4.2), which were carried out by the 

five studied methods (QReg, BQReg, BLQReg, BALQReg, and BENQReg). 

We reached results that differ from one method to another, some with a 

positive result and the others with a negative sign. To conclude the best 

method in terms of Applied (practical), we have adopted the medical opinion 

in determining the results closest to reality, and therefore the way that reaps 

the most results close to reality is the best. The following outcomes were 



  

  

achieved by employing the packages for each method in the programming 

language (R). 

      

    The variable (X1), the highest value in it (12.6644) achieved by the  

Covariate 

Methods 

QReg BQReg BLQReg BALQReg BENQReg BCQReg 

X1 5.3056 5.3799 4.6835 12.6644 4.6833 5.2435 

X2 1.0479 0.6709 -4.3111 -12.8661 -4.3101 -3.6250 

X3 0.7535 0.3568 -1.2754 -0.3797 -1.2756 -0.3631 

X4 -0.8922 -0.7496 1.2566 1.4514 1.2572 1.4867 

X5 -0.2393 -0.1699 -0.3732 -0.9683 -0.3745 -0.6274 

X6 0.0114 -0.2178 -1.4751 -2.1051 -1.4749 -1.0258 

X7 -1.9895 -1.7169 2.1163 4.3636 2.1170 1.8362 

X8 1.7710 1.9382 1.8824 1.6198 1.8824 1.9356 

X9 0.5186 0.8195 -0.1742 -0.2686 -0.1742 -0.5429 

X10 0.6999 0.8534 0.1364 0.0479 0.1364 0.2213 

X11 2.6095 1.7247 0.1332 0.1186 0.1332 0.1527 

X12 -1.3949 -1.5308 -0.0010 -0.0017 -0.0010 -0.0035 

X13 0.1315 0.5600 -0.1161 -1.2365 -0.1160 -0.6184 

X14 -1.3982 -1.0283 -0.1049 -0.2842 -0.1048 -0.2571 

X15 -0.9992 -1.2082 1.2433 1.4255 1.2428 1.3482 

X16 1.9572 2.2144 -2.9063 -4.4455 -2.9059 -4.6921 

X17 0.5373 0.2181 0.6609 -0.1398 0.6608 0.3894 

X18 -0.4026 -0.0908 0.0234 0.0371 0.0234 0.0082 

X19 0.5721 0.8887 0.0163 0.0136 0.0163 0.0173 

X20 -0.7015 -0.4871 0.1910 0.2011 0.1911 0.1056 

X21 0.0842 0.0829 0.8983 3.1949 0.8984 1.1938 

X22 -0.6005 -0.3743 -0.2195 -5.1802 -0.22008 -1.0027 

X23 -0.2277 -0.2227 0.2223 -0.9752 0.2199 0.5544 

X24 0.3382 -0.1197 -0.0005 0.0018 -0.0005 -0.0005 

X25 -0.0422 -0.0962 0.3611 -0.1157 0.3611 0.0944 

X26 0.7959 0.3107 1.6516 3.6780 1.6515 3.5126 

X27 -0.3399 -0.4879 -0.2929 -1.0956 -0.2932 -0.7395 

X28 -1.3268 -1.2202 1.9492 2.0466 1.9498 1.9748 

Table (4.2) Parameters estimated by the studied methods (QReg, BQReg, BLQReg, 

BALQReg BENQReg, and BCQReg) 



  

  

BALQReg method. BENQReg method came in last place with a value 

(4.6833), while the results of the other methods BQReg, BCQReg, QReg, and 

BLQReg, respectively, came with close results (5.3799, 5.2435, 5.3056, and 

4.6835) and all the results came positive. As for the variable (X2), the methods 

QReg and BQReg came with positive numbers (1.0479, and 0.6709), 

respectively. While the rest of the methods (BLQReg, BALQReg, BCQReg, 

and BENQReg) had similar negative results, the smallest of which was 

achieved by BALQReg (- 4.8661).  

The variable (X3) did not differ from its predecessor, as the QReg method 

imposed itself as the largest value (0.7535), while BENQReg came as the 

lowest value (-1.2756), and the rest of the above methods mediated the values. 

BALQReg tacked the task of the largest parameter (1.4514) concerning (X4) 

and the rest of the methods we are comparing came behind it down to QReg 

whose values are appended (-0.8922) where BQReg participated as negative 

values while the rest of the methods were positive. 

      BQReg recorded the highest value (-0.1699) while (-0.9683) according to 

BALQReg method was the lowest value. We note that all estimators for the 

variable (X5) are a negative sign and therefore all methods give an opposite 

effect when they are increased.   The value of QReg is the only positive 

(0.0114) unlike the rest of the results for the variable X6 and therefore it is the 

largest, followed by the rest of the methods. 

For X7, the estimators by the two methods QReg and BQReg had a negative 

sign and therefore had an opposite effect with (-1.9895, -1.7169), while the 

rest of the estimators by the other methods (BLQReg, BALQReg, BENQReg, 

and BCQReg,) were positive, that is, with a direct effect, and the BALQReg 

method was the largest value (4.3636). We note that there is a large 

discrepancy between the highest and lowest value. 



  

  

With this value (1.9382), the BQReg method topped the list, while the 

BALQReg method came to the bottom of the order with a value (1.6198). We 

note that all values are positive, that is, they have a direct effect, with little 

variation between one method and another when they are estimated for the 

variable X8. 

     For X9, the QReg and BQReg methods lined up as positive values directly 

proportional to the values of (0.5186, 0.8195), while the rest (BLQReg, 

BALQReg, BENQReg, and BCQReg) received methods have a negative sign   

(-0.1742, -0.2686, -0.1742, -0.5429) so they are inversely proportional to the 

response variable. The estimates of the variables X10 and X11 are close and 

both are positive, BALQReg was the smallest value in the two cases (0.1866, 

0.1186), respectively. BQReg came with the highest value (0.8534) for the 

first, and QReg had the highest value (2.6095) for the second. 

    In the case of X12, all methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg) were united in an inverse relationship with the 

response variable where they were respectively (-1.3949, -1.5308, -0.0010, -

0.0017, -0.0010, -0.0035,) BQReg Straight, while BLQReg had the highest 

value. We note that at X13 the two methods QReg and BQReg lined up with 

close results and with a positive sign, that is, they are positively related in 

which they differed from the rest of the methods (BLQReg, BALQReg, 

BENQReg, and BCQReg), which also converged among themselves and 

carried the same sign, BQReg came as the largest value (0.5600) while 

BALQReg came with the smallest the value of (-1.2365) and in an inverse 

relationship with the dependent variable. 

    BENQReg came with the largest value in X14, X22, and X27 with values (-

0.1048, -0.2200, -0.2932), respectively, while QReg came with the smallest 

value for x14 (-1.3982), while BALQReg came with the smallest value in the 



  

  

last two estimates (- 5.1802) and (-1.0956) respectively. It is noteworthy that 

all the values of the three variables are negatively related to the dependent 

variable and bear a negative sign. For X15, X18, X20, and X28, the two methods 

QReg and BQReg agreed to take an inverse relationship with the dependent 

variable with negative values, while the rest of the methods (BLQReg, 

BALQReg, BENQReg, and BCQReg) agreed to oppose the two methods and 

took a positive attitude with a direct relationship with the dependent variable. 

We note that BALQReg has performed well and ranked first in the highest 

value in the estimates of the four variables mentioned above. 

     For X16, its estimates reversed with the previous ones, and the two methods 

QReg and BQReg were in a positive relationship, while the other methods 

(BLQReg, BALQReg, BENQReg, and BCQReg) were in an inverse 

relationship. The highest value in favor of BQReg came with (2.2144) as most 

results came BCQReg as the smallest value (-4.6921). BALQReg alone came 

with a negative value (-0.1398) to score the lowest value as well as unique 

with an inverse relationship within the X17 estimates, while the rest of the 

methods (QReg, BQReg, BLQReg, BENQReg, and BCQReg) had a direct 

relationship with the dependent variable that had the highest effective rate in 

favor of BLQReg (0.6609).  

       As for the variables X19, X21, and X26, all methods (QReg, BQReg, 

BLQReg, BALQReg, BENQReg, and BCQReg). were then positive, that is, 

they have a direct effect. BALQReg was distinguished in it and had the lowest 

value (0.0136) in X19 and the highest in X21 and X26 (3.1949) and (3.6780) 

respectively. And BQReg was distinguished in the three variants, but it was 

the complete opposite of BALQReg, where it came highest in X19 (0.8887) 

and lowest in the rest (0.0829) and (0.3107) respectively. 



  

  

     BCQReg has the highest value (0.2223) at X23, which is in direct 

proportion to the dependent variable and is shared by BENQReg. While the 

methods (QReg, BQReg, and BALQReg) came with an inverse relationship, 

BQReg (-0.2227) was the smallest. 

For X24, the methods varied in their relationship, QReg and BALQReg were 

a positive relationship, in which the first was the largest value (0.3382). While 

the methods (BQReg BLQReg BENQReg) are inversely related, BQReg had 

the lowest value (-0.1197). BLQReg and BENQReg have positive values and 

thus they are in a direct relationship with the dependent variable and their 

values are close. As for the methods (QReg, BQReg, BCQReg, and 

BALQReg), they are negative values that are close to the result and have an 

inverse relationship with the variable. 

The above is illustrated by the graph. 
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    From Figure (4.2), we notice that the two methods (QReg, and BQReg) 

behave convergently, that is, they are in a semi-uniform position in front of 

the relationship with the dependent variable, either of them being a direct or 

inverse relationship. While the methods (BLQReg, BALQReg, BENQReg, 

and BCQReg) behave similarly, there is a difference between them and 

differences in some cases, especially for the BALQReg method, which often 

tweets alone outside the flock and is unique in its distinguished position in 

most cases. Out of 28 variables, we see that the studied methods And the 

proposed method (QReg, BQReg, BLQReg, BALQReg, BENQReg, and 

BCQReg) agree in (11) through the type of relationship with the dependent 

variable (thalassemia disease). While the type of relationship differed in the 

rest of the variables. 

       Returning to the medical opinion that we adopted as a measurement by 

which we determine the accuracy of our study, in which it shows the 

relationship between the independent variables and the response variable in 

terms of being a direct or inverse relationship. It shows us that the (BALQReg, 

BENQReg, and BCQReg) methods are the most efficient and accurate, and 

therefore it is the best method to express that. While the (QReg) method was 

the worst and least accurate method for expressing the relationship between 

the independent variables and the dependent variable, as it moved away from 

reality in many cases. 

 

 

 

 



  

  

4.4 Using Mean Squared Error (MSE) 

         MSE has been used to evaluate the efficacy of the methods under study 

(QReg, BQReg, BLQReg, BALQReg, BENQReg, and BCQReg). The 

method that achieves the least MSE is the method with the least errors and 

therefore the most accurate than others, then it will be the best method. The 

MSE for each approach is explained in a table (4.3) below.  

 

An illustrated graph has been created (4.3) to explain the above table. 

 

 

 

 

 

 

 

Measurement 
Methods 

QReg BQReg BLQReg BALQReg BENQReg BCQReg 

MSE 1.5271 1.4671 1.5196 0.9566 1.5272 0.9198 

Table (4.3): Displays the MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg) 



  

  

 

 

 

   Through Table (4.3) and Figure (4.3), which show the MSE for each 

method, it is very clear that (BCQReg) proposed method has an attractive 

performance, as it is the method with the lowest MSE and therefore it is the 

most accurate and efficient method among the studied methods. Followed by 

the method (BALQReg) by a relatively very little margin. While the other 

approaches (QReg, BQReg, BLQReg, and BENQReg) performed poorly, the 

least efficient and accurate method was shown to be the least efficient and 

accurate. 

 

 

 

 

Figure (4.3) :Shows MSE for methods (QReg, BQReg, BLQReg, BALQReg, 

BENQReg, and BCQReg) 
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5.1 Conclusion 

         After analyzing the results, the study reached the following conclusions: 

Bayesian methods in QReg can be a compelling option to obtain more 

accurate and less error-free results and to expand the set of methodological 

tools for regression analysis in biomedical research.  

Through our study, we have proposed a Bayesian hierarchical model for 

composite quantile regression with a composite group bridge penalty. This 

Bayesian hierarchical model leads to a Gibbs sampler with tractable full 

conditional posterior distributions. We illustrated the advantages of the 

Bayesian composite quantile regression with the composite group bridge 

penalty method (BCQReg)on both simulated and real data examples. Results 

indicate that the proposed method performs better than the studied methods. 

The proposed method is discussed with five methods (QReg, BQReg, 

BLQReg, BALQReg, and BENQReg) through the simulation study. We also 

compared the in terms of estimating parameters and mean error squares MSE, 

which was applied to real-world data. 

The data of thalassemia patients were studied with (28) variables, and our 

procedures for revealing the results were through MSE. The method that 

achieves the lowest MSE is the best. As a result, the BCQReg method was 

chosen as the best method. It should be noted that the results that were reached 

in the practical application of real data, in terms of the positive and opposite 

effects of the variables affecting the response variable, are in agreement with 

the medical opinion through consulting specialized doctors in this area.  

 

 



  

  

5.2. Recommendations and future work 

 

       Based on the findings of the thalassemia study and after coming to the 

conclusions described above, the researcher suggests the following 

recommendations: 

1. Use of the BCQReg method in the analysis of clinical data or other 

fields and we recommend its use in subsequent studies. 

2. The study of Bayesian methods in other QReg to analyze these data 

from a medical point of view expands this field. 

3. Attempting to take other diseases to be studied and analyzed through 

BCQReg, using strong or missing data methods. 

4. Due to the power of these Bayesian methods in comparison with non-

Bayesian quantile regression methods, we recommend their use in all 

medical fields and other fields. 

5. Given the attractive properties of the method we presented (BCQReg) 

we recommend researchers for other studies in applied fields use our 

method. 
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 الملخص 

 

 

أداة مهمة ويكتسب قبوالا متزايداا في العديد    )Quantile regression(  القسيمي االنحدارأصبح         

إنشائه في عام   التطبيقات منذ  ألنه يوفر معلومات    ،Koenker and Bassetمن قبل    1978من 

انه  أكبر من االنحدار الخطي.   المتنبئ ومتغير االستجابة. تم  كما  العالقة بين  لقياس  اقتراح طريقة 

ا للتعامل مع  )  Bayesian quantile regression( نهج االنحدار الكمي البيزي النماذج غير  مؤخرا

 .قبل عدد من الباحثين  من بيزيمنظور   منوالمعلمات غير المعروفة. تم اقتراح عدة طرق المؤكدة 

هذهفي   (  ،رسالتنا  متغير  واختيار  لتقدير  جديدة  طريقة  اقتراح   Bayesian compositeتم 

quantile regression with composite group bridge penalty سنناقش هذه الطريقة .(

 Bayesian lasso quantile regression, Bayesianخمس طرق أخرى تمت دراستها (  مع 

Adaptive lasso quantile regression, and Bayesian Elastic net quantile 

regression).  االنحدار  باإل) إلى  البيزي  واالنحدار  القسيمي،ضافة  الطرق    قارنن.)القسيمي  هذه 

تحديد أفضل طريقة بينها من خالل التطبيق العملي. يتم توفير كذلك  لتقييم أداء الطريقة المقترحة و

ات . تم استخدام بيانالقسيميفي ظل نماذج االنحدار  والال بيزي البيزينتائج المحاكاة لمقارنة األداء 

حقيقية في دراستنا والتي تضمنت بيانات طالب مدارس في العراق / مدينة الناصرية. كما تناولت 

البيانات   بياناتالدراسة   وتحليالت  التجريبية  النتائج  تظهر  بابل.  محافظة  في  الثالسيميا  مرضى 

 ة.الحقيقية أن الطريقة المقترحة تعمل بشكل جيد للغاية مقارنة بالطرق األخرى المدروس

 

 

 

 

 

 

 

 

 



  

  

 

 

 

 

  

 

 

  

وهي جزء جامعة القادسية  /مجلس كلية االدارة واالقتصادالى  مقدمة  ماجستير رسالة

االحصاء  علوم الماجستير في من متطلبات نيل درجة  
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