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This thesis discussed the Bayesian reciprocal lasso (rlasso) regression in 

presence of binary limited dependent variable. Selecting the optimal subsets of 

explanatory variables is the main goal of regression model analysis. The 

reciprocal lasso adds inverse of L1-rorm to residual sum of squares. Recently, 

much of works have been done on regression coefficient estimation method 

that employed the regularization methods to build a sparse model. Bayesian 

Reciprocal lasso is a new topic which gives more parsimonious (less number 

of predictor variables selection with more interpretable) regression model. So, 

we can say that (rlasso) is a new idea that motivates many authors to work on 

it. We employed the scale mixture of uniform and the scale mixture of normal 

that discussed by Mallick et al. (2020) and we have modified that scale 

mixtures via new hierarchical prior model. We used the scale mixture of 

uniform and the scale mixture of normal in the structure model of the binary 

dependent variable. Simulation scenarios have been explained, as well as real 

data analysis to test the behavior the posterior distributions. The results 

illustrate that the proposed scale mixtures outperform other some common 

regularization methods in the simulation and real data analysis. Finally, the 

reciprocal lasso binary repression model provides an elegant foundation for of 

regularization methods that enhance the sparse solution. 
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1.1 Introduction  

 

Linear regression analysis is one of the basics of statistics and an important 

method of applied statistics, as well as it is one of the most widely used 

statistical tools, as it is used in analyzing the relationship between variables, 

and this relationship can be described in the form of a model that contains 

Response Variable and one or more Explanatory Variables. This relationship 

may be linear between one explanatory variable and the dependent variable, 

then it is called the relationship Simple Linear Regression Model, or it may be 

a linear relationship between several explanatory variables with the dependent 

variable, so it is called the relationship Multiple Linear Regression Model. 

The assumptions of the linear regression model are as follows (Sara 

AlKufaishi.2019); 

1. The response variable is normally distributed with mean 𝜇 and variance 

𝜎, meaning that: 

)                i= 1,2,………, n2, σi ~ N (µ iy 

2. The linearity of the model, that is, the relationship between the 

dependent variable and the explanatory variables is linear, and the linear 

model can be expressed in the following form; 

Yi = 𝛽0 + 𝛽1𝛸1 + 𝛽2𝛸2 + ---- + 𝛽p𝛸p + ei   ……( 1.1 ) 

i= 1,2,………, n  

𝛽o: intercept 

𝛽1, 𝛽2 ...... 𝛽p: regression coefficients 
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𝑃: The number of predictor variables 

𝑒i : The random error and we will assume . It has a mean of zero and a 

constant variance (σ2 ), and the errors are illustrative of some of them that we 

express mathematically. 

u ~N (0, σ2) 

cov (ei , ej ) = 0 

Model (1.1) can be written in matrix form as follows 

Y = 𝛸𝛽 + U 

Y: The vector n *1  

𝛸: n * (p+1) design matrix 

𝛽:  vector of parameters (p+1) * 1 

e: n * 1 error vector 

The goal of linear regression is to fit the straight line to a number of points, 

which reduces the sum of the squares of the residuals (errors), that is, to 

contain a straight line to a number of points, which reduces the sum of the 

squares of the residuals. Regression models are used for several purposes, 

including describing and analyzing the relationship between variables, 

prediction and selection of variables. The parameters of the model are 

estimated by following the method of least squares (OLS) (seber et al 2003) 

according to the following formula: 

β= (X'X)-1 (X'Y) 

The estimation of the parameters of the general linear regression model using 

this method depends on the availability of a number of assumptions as it does 

not suffer from any problems such as Heterosoadasticity, Autocorrelation or 
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Multicollinearity, as the estimation process varies from one case to another 

depending on the presence or absence of those Problems with the model . 

In most cases, when applying multiple linear regression analysis, we 

encounter multicollinearity, which occurs when there is a strong correlation 

between the independent variables, and this correlation increases the variance 

of the estimations of the regression parameters, which makes the outputs of 

the Ordinary Least Squares (OLS) method unreliable. Appropriate solutions to 

it, as we used several methods to get rid of this problem and treat it . 

The most important way to deal with this problem is the principal compounds 

method. And the Ridge Regression Method and Lasso Regression Method, 

which are called Shrinkage methods (Ali Fallouh.2016), as they reduce the 

variance limit of the estimator and be greater than the increase in the bias for 

it. These Shrinkage methods have good characteristics such as their ability to 

determine the significant variable and exclude non-significant variables from 

the regression model, as well as integrating prediction accuracy and reducing 

model building. The contraction leads the estimator towards zero, which in 

fact involves introducing some bias in order to reduce the prediction variance, 

as a result of reducing the mean squares of error and this leads to improving 

prediction accuracy in general and ease of interpretation, as often you want to 

specify the smallest subset that leads to the effect of more powerful . 

Here we will use a set of methods that shrink the parameters and make them 

equal to zero, in order to maintain good advantages for both selecting the best 

subset and the process (Shrinkage) parameters, so that these methods are more 

stable and then give an easily interpretable model. 
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1.2 Thesis Problem 

The Corona virus pandemic is considered one of the most common health 

problems that societies have faced in recent times. This epidemic has caused 

many tangible psychological and economic problems in human life, which 

draws the attention of many researchers in most fields, especially medical, 

psychological and economic fields, to study the behavior of this epidemic and 

its direct impact on our lives. In this thesis, we try to study the behavior of the 

Corona epidemic by formulating the regression relationship with the presence 

of the response variable that represents the health status (y=1 survival) or (y=0 

death) after his hospitalization in the presence of a set of 7 independent 

variables.  taken from patients staying in Al-Sadr Teaching Hospital in 

Maysan governorate, and, through the regression function, we try to structure 

the relationship between the response variable and the independent variables 

through a binary regression model, using the penalty-function estimation 

method for the reciprocal Lasso from a Bayesian perspective. 

1.3. Thesis Objectives  

This thesis has the following aims: 

1. Structuring the relationship between the response variable (y) and the 

explanatory variables through the binary regression function . 

2. Employing Bayesian method to estimate the parameters of the binary 

regression model using the reciprocal Lasso method . 
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3. Choosing the best model that represents the relationship between the 

response variable and the independent variables (high explanatory 

power and the least number of predictive variables) 

4. Determining the most important predictive variables that have a direct 

impact on the patient's condition and consequently the health 

authorities pay attention to these variables because they have a direct 

impact on the patient's life.  

                                                                                                                                                               

1.2 Literature Review 

There are many books, research and studies that dealt with the topic of 

Multicollinearity and ways to treat it, as well as ways to determine the 

variables and choose the best model. The first to suggest a way to address the 

problem of Multicollinearity and estimate the coefficients of the multiple 

regression model in 1970 were ( Hoerl & Kennard), and was based on This 

method is to add a small positive quantity to the diameter of the information 

matrix ( X'X ) called the Ridge effect, and the study concluded that adding this 

positive quantity increases the possibility of making the data orthogonal and 

thus obtaining better estimates of the coefficients of the regression model. 

 In 1970, both (Hoerl & Kennard) interpreted the Ridge regression method for 

non-orthogonal data and concluded that Ridge regression is better in 

estimation than the ordinary least squares method. 

                In 1973, ( Mallows) proposed a statistic known as Cp Mallow's 

statistic based on evaluating the appropriateness of the least square's method 
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for regression models with natural errors and constant variance. It states that 

the model in which the Cp Mallow's value is small which is the best model or 

the most accurate model. 

             In 1973, ( Akaki) introduced a standard named after his name 

Akaike's Information Criteria, which is a measure of the called relative quality 

of statistical modeling applied to a set of data, which is based on one of the 

well-known measures of deviation, which is the Kullback and Leibler scale, 

1951 and is known as a measure of the information theory of (Kullback - 

Leibler). Between the given model and the real model, which includes 

reducing the rank of the model and aims to address the matching problem by 

imposing costs on increasing the number of parameters in the appropriate 

model. The best model is determined by the one with the smallest criterion 

value. 

            In 1978, (Schwarz) proposed the Bayesian Information Criterion (BIC) 

criterion, a development of the Akaiki criterion that produces more than one 

minimum, and is based on the assumption that the data are normally 

distributed. As for the BIC standard, the penalty for including new parameters 

is greater than in the AIC standard, and the BIC standard also tends to identify 

simpler models than the models specified by the AIC standard, and the 

difference between these two standards is very large whenever n is large. 

              In 1996, (Tibshirani) suggested a new method for estimating the 

parameters of linear models, which he called Lasso, which is an acronym 

(Least Absolute Shrinkage and Selection Operator), which was based on 

reducing the sum of squares of the residuals subject to the sum of the absolute 
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value of the coefficients which are less than a fixed value, and given the 

nature of this Constraint, it tends to produce some parameters that are exactly 

equal to zero and thus gives more explanatory models, and by using 

simulation it was concluded that LASSO has better properties than ridge 

regression method and sequential steps method. 

Also in 1996, (Tibshirani) presented a new method for selecting variables and 

Shrinkage in the Cox proportional risk model to reduce the logarithmic partial 

probability relative to the sum of the absolute values of the coefficients, which 

are determined by the Lasso regression constant, and using the simulation, it 

was concluded that the Lasso method is more accurate in estimation than 

Sequential selection method. 

             in 2006, ( zou) proposed a new version of the lasso, called adaptive 

lasso, adaptive weights were used to penalize different transactions in the L1 

penalty. The adaptive lasso appears to have the characteristics of an oracle. 

Similar to lasso, adaptive lasso is close to the minimum optimum, and also 

demonstrated that adaptive lasso can be solved with the same efficient lasso 

solving algorithm. 

 

            (Huang et al. 2013) used a Bayesian logistic regression model to 

compare the (Bayesian LASSO) model with LASSO, Hyper Lasso, BhGLM 

and RVM to map multiple QTL for continuous features. By developing 

effective empirical Bayes algorithms to infer the logistic regression model, 

and the simulation study showed that the algorithms can easily deal with the 

QTL model with a large number of main and cognitive effects, and the 
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(Bayesian LASSO) method outperformed the rest of the methods in terms of 

detection power and false positive rate. It also demonstrated that the 

EBLASSO logistic regression method can handle a large number of effects 

including key QTL effects, cognitive effects, environmental influences, and 

the effects of genetic environment interactions. And it is a very useful tool for 

multiple QTL mapping of complex binary attributes 

               In 2013, (Benoit et al.) proposed a hierarchical Bayesian model for 

variable selection and estimation in the context of binary quantitative 

regression to overcome outliers, heterogeneity, or other anomalies of the latent 

response in an attractive and straightforward manner. The Laplace and Ahle 

Laplace probability of the regression parameters were proposed and estimated 

using Bayesian Markov Chain Monte Carlo (MCMC). It also proposes an 

effective Gibbs sample for estimating model parameters that outperforms the 

Metropolis algorithm used in previous studies on binary quantitative 

regression. 

               (Mallick and Yi, in 2014), proposed an alternative Bayesian analysis 

of the Lasso problem in linear models. They presented a different hierarchical 

version of the Bayesian lasso by using the SMU mixture for Laplace density. 

Experimental results in real data analyzes showed that the new algorithm has 

good mixing property and performs when compared with the current BES 

method in terms of prediction accuracy and variable selection. 

            In 2014, (Pasanen et al), suggested separating true associations from 

false positives using the posterior distribution of effects provided by Bayesian 

LASSO, solving the problem of multiple comparisons using simultaneous 
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inference based on the joint posterior distribution of effects, and also solving 

the problem of influence distribution among linear variables (difficulty finding 

the association ) by considering not only the individual effects but also their 

functions. 

                    In 2015, (Song and Liang) proposed a new penalty probability 

method, called reciprocal lasso or for short (rLasso) based on a new class of 

penalty functions that are discontinuous at 0, diminish at (0, ∞), and approach 

what there is no end when the parameters are close to zero. That is different 

from the traditional penalty functions of nearly zero parameters and nearly 

zero penalties such as methods (Lasso and SCAD), this feature makes rLasso 

very good for variable selection which can effectively avoid the selection of 

very dense models. 

                 In 2018, (Song) gave an overview of the motivation, theory, and 

computational challenges of rLasso penalty, and compared the theoretical 

properties and experimental performance of rLasso with other common 

penalty options, and that this penalty selection is very appropriate in case the 

researcher is looking for a suitable simple model. 

              In 2019, (Sara) compared the estimation of the parameters of the 

Ridge regression model (ordinary Ridge regression and Bayesian ridge 

regression) and Lasso regression, through the MSE criterion, and the P-Value 

on real data represented by a random sample of (100) women.  which concerns 

women's fertility to study the factors affecting the number of children born. 

The study concluded that the Lasso regression method is the best estimation 

method because it has the least mean squared error MSE, followed by the 
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Bayesian ridge regression method, and then the ordinary ridge regression 

method. 

               In 2019, (Sakina and Shireen) studied the Multicollinearity problem 

and ways to treat it through some Shrinkage Methods, to estimate the general 

linear regression model (Lasso method and Elastic-Net method). By applying 

them to real data. The Elastic Net method achieved its preference based on the 

Mean Squared Error (MSE) comparison criterion. 

              (KUMAR et al, 2019), compared the Stepwise regression and Lasso 

and evaluated the performance of these two techniques through the method of 

using the multiple regression approach for the purpose of predicting the 

production of wheat crop, using the criteria R2 and RMSE, and the study 

proved that the performance of the Lasso regression is superior to the 

Stepwise regression through the values of criteria above . 

             In 2020, (Archana, et al), implemented a new and modern statistical 

Shrinkage technique, the lowest absolute logistic Shrinkage and the selection 

factor for the Lasso regression. For the purpose of examining the association 

between women's diet and breast cancer, logistic regression and lasso were 

used to examine the relationship between twenty-nine dietary variables, in 

addition to breast cancer risk factors, and to identify the most relevant 

variables associated with breast cancer. It was found that the most important 

factors that had the most influence and that were included in the model were 

the variable age, vitamin B and alcohol. 
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                 In 2020, (Alhamzawi and Mallick) studied Lasso reciprocal in 

quantitative regression from a Bayesian perspective. They have developed 

simple and effective Gibbs sampling algorithms for back-inference using scale 

mixtures of reverse uniforms (or double Pareto densities), which can further 

decompose as scale combinations of cut-offs. They made slight modifications 

to this approach as to the Bayesian analogues of other related estimation 

methods, including LASSO reciprocal adaptive, reciprocal bridging, and 

reciprocal adaptive bridging. 

                   (2020, Bahr et al), proposed a lasso set for inverse and tangent 

regression (the lasso-SIR set). Which deals with the problem of the existence 

of correlation between explanatory variables. They used simulations to verify 

the performance of the proposed method by comparing it with Ridge and 

Lasso in lasso-SIR. The results showed that the group lasso-SIR method 

performs well in comparison with other methods by means of the Mean 

Squared Errors (MSE) criterion. 

               In 2020, (Rusyana, et al), applied the lasso method to determine the 

most important variables that affect the recovery of COVID-19 patients. On 

real data for a group of patients. Also, they compared the lasso binary logistic 

regression with the full logistic regression model and the stepwise logistic 

regression model. The results of the number of independent variables 

determined by the lasso method was greater than the variables selected by the 

stepwise method. It also proved that the coefficient values of the explanatory 

variables produced by the Lasso method are smaller than the variables 

produced by the gradient method. 
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                (Saleh,in 2020), used some modern automatic variable selection 

methods for semi-parametric single indicator models, which are the (LASSO - 

MAVE) method and the (Adaptive LASSO - MAVE) method, and indicate the 

preference of any methods used in estimating and selecting the variable for the 

model using real data. The study showed the preference the (LASSO - 

MAVE) method gave better results than the (LASSO - MAVE Adaptive) 

method by using the two criteria, mean squared error (AMSE) and average 

mean absolute error (AMAE). 

        (Mallick & Alhamzawi et al), 2021, have taken a full Bayesian 

formulation of the rLASSO problem which is based on an rLASSO estimation 

of the linear regression parameters that can be interpreted as an estimate of the 

Bayesian posterior position when the independent parameters are set by 

Laplace. And Bayesian inference of the posterior distribution is possible when 

using a hierarchy that stimulates a scale combination of a paired Pareto 

distribution or truncated normal distributions, in both real and simulated data. 

And he showed that the Bayesian formula outperforms the rest of the classical 

formulas in predicting, estimating, and selecting the variable. 
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2.1   Introduction 

As it is known that the ordinary least squares method gives the best unbiased 

linear estimate BLUE with less variance for the parameters of the regression 

model. And that one of the problems that sometimes arise when estimating in 

this way is the absence of one of the analysis assumptions, including the 

presence of Perfect Correlation or Sem Correlation between two or more 

independent variables, or the variables were greater than the size of the 

studied sample, and here leads to the emergence of multicollinearity (Ali 

Fallouh.2016) ,( Haneen,2014) , and one of its reasons is to give an estimate of 

parameters Inaccurate and large discrepancies, thus obtaining unreliable 

hypothesis-testing results. 

The first to point out the danger of multicollinearity and its impact on the 

results of regression analysis was the scientist Fisher in 1934. After that, many 

researchers put the different aspects of the problem and ways to solve it, until 

(Hoerl & Kemard in 1970) added a positive value ranging between zero and 

one to the elements The main diagonal of the information matrix (X'X) to 

solve this problem, they called this constant amount the Biasing parameter, 

and the method is the ridge regression method. 

𝛽𝑅 = argmin‖𝑦𝑖 − 𝑥𝑖
𝑇𝛽‖

2

2
+ 𝜆‖𝛽‖2

2…… . (2.1) 

where 𝝀 ≥ 𝟎 is a Shrinkage parameter and 

𝜆‖𝛽‖2 = 𝜆∑𝛽𝑗
2

𝑝

𝑗=1
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Then the estimation of the ridge regression parameter is (Sara - 2019) 

�̂�𝑟𝑖𝑑𝑔𝑒 = (𝑥
𝑇𝑥 + 𝜆Ι)−1𝑥𝑇𝑦 

This technique is specialized in analyzing multicollinearity data. The ridge 

regression method has shown its effectiveness in getting rid of such a 

problem, as the overlap between the independent variables causes the large 

size of the variance of estimators and confusion in the different relative 

relationships between the independent variables and the response variable 

when using the least squares method (Hoerl & Kennard .1970) .Also, Ridge 

regression improves prediction error by reducing the sum of squares of the 

regression coefficients to less than a constant value in order to reduce over-

allocation, but it does not perform variable selection and therefore does not 

help make the model more interpretable. 

 

2.2    Lasso method  

The first to propose this method independently in the year (1996) researcher 

Robert Tibshirani, who formulated this method and provided many ideas 

about its performance. 

�̂�𝒍𝒂𝒔𝒔𝒐 = 𝒂𝒓𝒈𝒎𝒊𝒏||𝒚 − 𝒙
′𝜷|| + 𝝀∑|𝜷𝒋|

𝒑

𝒋=𝟏

 …… (𝟐. 𝟐)           

The term lasso represents the initial letters of the concept of (Least Absolute 

Shrinkage and Selection Operator), which is a penalty function for the linear 

regression model, a method for estimating the parameters of the regression 
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model as well as for selecting and organizing the variables included in the 

model to increase confidence. 

Originally designed for the Least square's method, LASSO reveals a large 

amount of estimator behavior via the Lasso parameter or the so-called Soft 

Thresholding, including the relationship of the Lasso estimator with the Ridge 

Regression estimator and best subset selection, which is similar to the 

Stepwise selection method. Estimates of the Lasso coefficient must be unique 

if explanatory variables suffer from multicollinearity. The Lasso method has 

the ability to select a subset based on the entry formula. 

The principle of the Lasso regression method is to reduce the sum of squares 

of the residuals according to a constraint that represents the absolute sum of 

the coefficients that are less than a certain constant. In the Lasso method, there 

is an adjustment parameter (settlement) that controls the power of regression 

coefficients (penalty) and occupies great importance in this. That is, the larger 

the value of the adjustment parameter, the greater the number of coefficients 

equal to zero. And if the adjustment parameter is zero, you will get an 

ordinary least squares regression. There are many advantages to using the 

Lasso method (Tibshirani, 1996), (zou, 2006), (Frank & Matthias. 2019), 

including the following : 

1  .Lasso can provide very good predictive accuracy because reducing and 

removing variables can reduce variance without significantly increasing bias.  

2  .Lasso helps to increase the possibility of interpreting the model by 

eliminating irrelevant variables that are not related to the response variable . 
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Thus, the Lasso method is a method for selecting and organizing the variables 

included in the regression model . 

Despite these advantages, there are some drawbacks to using lasso 

1. If p > n, choose n lasso as variables 

2.  Ignore the group information for the related independent variables, and 

choose one variable from the group 

3. If n > p, with highly correlated independent variables, Ridge 

outperforms Lasso. 

Se (Tibshirani, 1996) , ( Ivan , 2006) ,( Mallick & Nengjun ,2014) 

2.3 Binary Regression  

Binary data can be defined as variables that are not subject to units of 

measurement and are known as qualitative or descriptive variables such as 

gender (male and female), or a case study (success and failure). In such cases, 

the dependent variable (Response Binary) is either It is equal to (one) for the 

occurrence of the event or (zero) for the non-occurrence of the event, and 

there are many examples that apply to binary response data when the 

dependent variable is a qualitative variable with two values, such as studying 

the relationship between age and living in life, it is equal to (one) if the 

individual lives in Life and (zero) if the individual is deceased ( Amir et al 

2016) , which can be represented as follows: 

𝑦 =  {
1  𝑖𝑓 𝑦∗ = 𝑥𝑖

՝𝛽 + 𝑒𝑖 ≥ 0

0  𝑖𝑓 𝑦∗ = 𝑥𝑖
՝𝛽 + 𝑒𝑖 < 0

    …… (2.3) 

Where 𝑦∗ is the latent variable (unobserved). 
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When studying the relationship between the variables of a particular 

phenomenon, one of those variables, especially the dependent variable of the 

descriptive type, may be a binary response. This relationship can be studied 

using several statistical models, including the multiple linear regression 

method, but this model faces some problems in the event that the response 

variable is of a descriptive type with two responses (park 2013) , including : 

1 .The error term is not normally distributed. 

2. The inability to interpret the predicted results as probabilistic values, and it 

is not possible to limit these values between zero and one, and for this reason 

other statistical models are resorted to, including the binary regression model. 

 

2.4 Model and variable selection procedure  

The topic of model selection and the variables selection in multiple regression 

models plays a prominent role in the prediction accuracy process as (Gary 

2018) : 

1  .It removes unimportant variables from the model and makes the model 

easier to interpret. 

2  .Dealing with high dimensional data by minimizing the problem size for the 

purpose of enabling algorithms to run faster. 

When starting the process of building a statistical model, a question will come 

to mind about the variables that should be included in this model. There are a 

lot of techniques that help us answer this question. It started with the two 

Stepwise Selection methods proposed by (Breaux) in 1967, which combined 
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both forward and reverse selection. and best subset selection proposed by 

Hocking and Leslie in 1967, these methods are considered classic methods 

that deal with variable selection in many statistical models. It is one of the first 

attempts to choose variables and after that it was considered one of the most 

widespread and well-known methods for identifying and selecting variables in 

the model (Miller 2002) . It improves the accuracy of the model in certain 

cases, especially when some explanatory variables have a strong relationship 

with the response variable, which makes the prediction inaccurate. 

As for evaluating the quality of the regression model in general and 

determining the best model, different statistical criteria are used and 

commonly and most commonly used, Mallows' Cp criterion (Mallows 1973). 

Cp =
∑ 𝑒𝑖

2𝑛
𝑖=1

�̂�2
+ (2p − n),… ..  (2.3) 

and Akaike Information Standard (AIC), (Akaike 1973) 

𝐴𝐼𝐶𝑝 = 𝑛l𝑛 (
∑ 𝑒𝑖

2𝑛
𝑖=1

𝑛
) + 2𝑝,… . . (2.4) 

and the Bayesian Information Standard (BIC), (Schwarz 1978) 

𝐵𝐼𝐶𝑝 = 𝑛l𝑛 (
∑ 𝑒𝑖

2𝑛
𝑖=1

𝑛
) + 𝑝(ln𝑛) , … . . (2.5) 

whereas 

p: number of independent variables                          e: the error, 
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The CP and AIC criteria are a measure of the difference between the given 

and the real model, as it is derived from an estimate of out-of-sample 

predictive performance, while the BIC criterion aims to define the "real 

model". Because these statistical standards depend on the fulfillment of some 

strict assumptions about their validity, they are often not appropriate in 

practice . 

 Besides the more popular Ridge Regression method used to improve the 

prediction accuracy of the regression model, it improves the prediction error 

by reducing large regression coefficients in order to reduce redundancy but it 

does not perform co-selection and thus does not help make the model more 

interpretable (Haneen 2014). 

Therefore, the Lasso regression method was proposed to choose the 

explanatory variables that are included within the model, whereby Lasso can 

achieve both goals by making the set of absolute values of the regression 

coefficients have magnitudes less than a fixed value, forcing some coefficients 

to be equal to zero, while choosing a simpler model that does not include 

those transactions. This results in accurate prediction and interpretability of 

the statistical model (Tibshirani 2011) (Loann 2018). 

 

2.5 Reciprocal Regularization method  

Regulation is an important concept as it is used for the purpose of staying 

away from data overload, especially when test data and trained data have a 

large variance. Regulation is carried out by adding the term 'punitive' to the 

best fit derived from the trained data, to achieve less variance with the tested 
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data and also to restrict the effect of independent variables on the dependent 

variable by compressing their parameters. What the organizing process usually 

does is keep the same number of features but keep the parameters smaller. We 

can reduce their sizes by using regression techniques of different types that 

use regularization to overcome this problem, and these techniques work on a 

much larger data set than most feature selection methods. Standards such as 

Mallow's Cp, AIC, BIC, HQIC and modified R-squared, are called L0 

penalties. But the difference here is that AIC, BIC, and HQIC correspond to a 

probability that can use a loss function different from the usual sum of 

residuals of squares (Hannan & Quinn,1979). And it allows choosing the 

variable with a larger and wider area than the parametric models than the 

simple linear models. However, these criteria are not applicable due to their 

computational complexity. There are other types of organization techniques, 

the most important of which are ridge regression and Lasso regression. But 

each technique has its own way to determine the penalty parameters, if the 

model uses the L2 Regularization technique, here it is called ridge regression. 

If the L1 regularization technique is used, then it is called Lasso regression. 

These techniques are used for the purpose of preventing statistical over-

extension of the model we are predicting (Valen & David 2012). 

The L1 regulation adds a penalty equal to the absolute value of the modulus 

size. This organization can produce different models with few coefficients. 

Some of these parameters may be zero and therefore omitted from the model. 

Parameter values closer to zero result when penalties are greater. Thus, Lasso 

is a good algorithm for feature selection. On the other hand, L2 regulation does 

not get rid of sparse patterns or parameters. Thus, Lasso regression is easier to 
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interpret compared to Ridge regression. But the L1 organization does not 

generally have oracle properties. It also results in small parameters, as its 

resulting model is dense, and sometimes includes very small parameters with a 

number of spurious predictive variables, but the L1 method may not be stable 

for selecting variables unless there are some conditions that can be strongly 

represented. To remedy such a problem, several different methods have been 

proposed, such as smoothly clipped Absolut deviation SCAD (Fan and Li) 

2001, adaptive lasso (Zou) 2006 and MCP (Zhang) 2010. Although these 

methods add some improvements to the lasso, they produce dense models. 

Especially when the ratio p/n is large. Because these methods share the same 

feature with Lasso in that they give almost zero coefficients close to zero. 

Usually, the functions of these penalties are symmetric around 0, non-

decreasing and continuous at (0, ∞). So a new penalty function was proposed 

in (2014 by Song) called lasso Reciprocal which overcame the shortcomings 

of the previous penalty functions. Being decreasing at (0, ∞), is discontinuous 

at 0, and converge to infinity where the coefficient approach zero. 

�̂�𝑟𝑙𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔𝑚𝑖𝑛||𝑦 − 𝑥
′𝛽|| + 𝜆∑

1

|𝛽𝑗|

𝑝

𝑗=1

    𝐼 {𝛽𝐽 ≠ 0 } …….   (2.6) 

This method shares the same oracle and estimation error rate property with 

other LASSO penal functions. It approaches infinity when the parameters 

approach zero. Doing so gives nearly zero infinite penalty coefficients. This 

method has a very attractive and intuitive explanation, and the more likely the 

predictor will be wrong the smaller the coefficient for it, and here he should 

get the higher penalty. The influence of the predictor on the model estimation 
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is very limited if this predictor has a coefficient close to zero, and therefore, it 

must be excluded to obtain an easy and simple model. The figure below 

represents the difference between the reciprocal lasso function and the penalty 

lasso-type functions (Mallick et al. 2021). 

The following figure (2-1) illustrates the lasso and reciprocal lasso functions 

behavior. 

 

Figure (2.1) lasso and reciprocal lasso functions (Mallick et al. 2020) 
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3.1. Introduction  

Recently, many authors concerned in practical situations where the dependent 

variable is limited or bounded variable. In this section, Bayesian Reciprocal 

Lasso binary Regression has been discussed by employing the two scale 

mixture; the scale mixture of normal and the scale mixture uniform as the 

prior densities of regression parameter(𝛽). Mallick et al. (2020) proposed 

these new scale mixture representations for the Bayesian reciprocal lasso. The 

prior distribution that matches the penalty function of the reciprocal lasso is 

the inverse Laplace distribution,  

 

   𝜋(𝛽) =  ∏
𝜆

2𝛽𝑗
2

𝑘

𝑗=1
𝑒
− 

𝜆

|𝛽𝑗|       𝐼(𝛽𝑗 ≠ 0)⋯⋯⋯(3.1) 

 

 The binary regression model that defined as in (2.3),  

Mallick et al (2020) proved that the Bayesian respired lasso is efficiently 

method in terms of computation performance, it provides fast convergence 

algorithm for the posterior distribution. Look at Song (2014) and Shine et al. 

(2018) works for more details. By following Al. Athari (2011), Mallick et al. 

(2020),  Alhamzawi and Mallick (2021) the prior distribution for the interested 

parameter of Bayesian reciprocal lasso binary regression model can be 

illustrate by the following definition and proposition :  
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Definition (1): Assume that the random variable 𝛽 have the following 

probability density function:  

     ℎ(𝛽) =  
𝜇𝜆𝜇

2𝛽𝜇+1
 𝐼{|𝛽|  ≥  𝜆}                   ⋯ (3.3)   

Where 𝜆 > 0 is the scale parameter, 𝜇 > 0 is the shape parameter. This is 

called double Pareto (type I). 

Definition (2):  The random variable 𝛽 follows the Generalized Double Pareto 

(GDP) with: 

 

𝑓(𝛽) =
1

2𝜉
 [1 +

(|𝛽| − 𝜇)

𝛼𝜉
]

(−𝛼  −1)

   ;  |𝑋| ≥ 𝜇            ⋯⋯(3.4) 

Where 𝜇 ∈ (−∞,∞) the location parameter, 𝛼 ∈ (0,∞) is the scale parameter, 

and  𝜉 ∈ (0,∞) the shape parameter. Also, Mallick et al. (2020) proposed the 

scale Mixture of Truncated Normal (SMTN) representation based by 

proposing is that the marginal density of 𝛽 have inverse Laplace with 

parameter (𝜆) if: 

β~N(0, τ), τ~ exp(ς2 2⁄ ),  ς2~exp(η),  and η~Inverse Gamma (2, λ). 

Next, we introduce the hierarchical prior model and the full 

conditional posterior distributions for the Bayesian binary regression 

with the reciprocal Lasso penalty using scale mixture of normals 

(BBRrLsmn), and Bayesian binary regression with the reciprocal 

Lasso penalty using scale mixture of uniforms (BBRrLsmu).  
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3.2. Hierarchical Priors Model for BBRrLsmn 

Based on the definition of the binary regression model (3.2), and the proposed 

formulation of the scale mixture normal, we have modified the above 

proposition and as well as on the work of Park and Casella (2008), we 

introduced the following hierarchical prior model in (2.3) : 

 

𝑦𝑖
∗|𝑥𝑖

′𝛽,𝜎2~𝑁(𝑥𝑖
′𝛽, 𝜎2𝐼𝑛);    𝑖 = 1,2,… . 𝑛 

𝑦∗ = 𝑋𝑖
′𝛽 + 𝑒𝑖, 

 𝛽|𝜎2, 𝜏 ~ ∏ 𝑁(0, 𝜎2 𝜏2
𝑝
𝑗=1 ) , 

𝜏1
2, … , 𝜏𝑝

2 ~ ∏
𝛿2

2
𝑒−𝛿

2𝜏𝑗
2 2⁄ 𝑑

𝑝

𝑗=1

𝜏𝑗
2,   𝜏1

2, … , 𝜏𝑝
2 > 0, 

𝛿2|𝜂~𝐺𝑎𝑚𝑚𝑎 (𝑘, 𝜂), 

𝜂|𝜆 ~ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐺𝑎𝑚𝑚𝑎 (2, 𝜆), 

𝜆 ∼ 𝐺𝑎𝑚𝑚𝑎 (𝑎, 𝑏) 

𝜎2 ~𝜋(𝜎2) ∝
1

𝜎2
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3.3. The Gibbs Sampler for BBRrLsmn Model 

Gibbs sampler algorithm employed the hierarchical model (3.5). The Gibbs 

sampler algorithm works as Markov Chain Monte Carlo (MCMC) techniques. 

Gibbs sampler draws samples from the full conditional distribution of a 

parameter given all other parameters. The hierarchical model (3.5) formulated 

to easy simulation calculation of full conditional distributions. The full joint 

density defined as follows: 

 

𝑓(𝑦∗| β, 𝜎2) 𝜋(𝜎2) ∏ 𝜋(𝛽𝑗|𝜏𝑗
2, 𝜎2)

𝑝
𝑗=1  𝜋(𝜏𝑗

2) 𝜋(𝛿2) 𝜋(𝜂)= 

(
1

√2𝜋𝜎2
)𝑛 𝑒

−
1

2𝜎2
(𝑦 
∗−𝑋𝛽)′(𝑦 

∗−𝑋𝛽) 1

𝜎2
 ∏

1

(2𝜎2𝜏𝑗
2 )1 2⁄

𝑒
−

𝛽𝑗
2

2𝜎2𝜏𝑗
2

 
𝑝
𝑗=1

𝛿2

2
𝑒−𝛿

2𝜏𝑗
2 2⁄  

1

𝜂𝑘
 𝑒
−
𝛿2

𝜂   

𝜆2

𝛤2
(𝜂)−2−1𝑒

−
𝜆

𝜂  .                     … (3.6) 

Referring to the hierarchical model (3.5) and the full joint distribution (3.6), 

we can easily sampling from  𝑦∗, 𝛽, 𝜎2, 𝜏2, 𝛿2, 𝜂, 𝜆 .  

The full conditional posterior distributions defined by: 

1. The full conditional distribution of 𝑦∗ is : 

 

𝑦𝑖
∗|𝑦𝑖 , 𝛽, 𝜎

2 = {
 N(𝑥𝑖

′𝛽 , 𝜎2𝐼𝑛)I{𝑦𝑖
∗ > 0}, if 𝑦𝑖 = 1,

 N(𝑥𝑖
′𝛽 , 𝜎2𝐼𝑛)I{𝑦𝑖

∗ ≤ 0}, if 𝑦𝑖 = 0.
 

 

2. The full conditional distribution of 𝛽𝑗 is : 
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𝜋(𝛽 𝑦𝑖
∗⁄ , 𝑋, 𝜏2, 𝜎2) ∝ 𝜋(𝑦𝑖

∗ 𝑋, 𝛽, 𝜎2⁄ ). 𝜋(𝛽 𝜏2)⁄  

     ∝ 𝑒
−
1
2𝜎2

(𝑦 
∗−𝑋𝛽)′(𝑦 

∗−𝑋𝛽)
. 𝑒
− 

1
2𝜎2

 𝛽′𝑇𝜏
−1𝛽

 

Where 𝑇𝜏 = 𝑑𝑖𝑛𝑔(𝜏1
2, … , 𝜏𝑝

2),  

= exp {−
1

2𝜎2
[(𝛽′(𝑋′𝑋)𝛽 − 2𝑦 

∗𝑋𝛽 + 𝑦 
∗′𝑦 

∗) + 𝛽′𝑇𝜏
−1𝛽]} 

= exp {−
1

2𝜎2
[𝛽′(𝑋′𝑋 + 𝑇𝜏

−1)𝛽 − 2𝑦 
∗𝑋𝛽 + 𝑦 

∗′𝑦 
∗)]} 

Now let 𝐶 = 𝑋′𝑋 + 𝑇𝜏
−1, then we have  

= exp {−
1

2𝜎2
[𝛽′𝐶𝛽 − 2𝑦 

∗𝑋𝛽 + 𝑦 
∗′𝑦 

∗)]} 

= exp {−
1

2𝜎2
(𝛽 − 𝐶−1𝑋′𝑦 

∗)′𝐶(𝛽 − 𝐶−1𝑋′𝑦 
∗)}     …(3.7) 

Which is the multivariate normal with mean 𝐶−1𝑋′𝑦 
∗and variance  𝜎2𝐶−1. 

 

3. The full conditional posterior distribution of  𝜎2 is: 

 

𝜋(𝜎2 𝑦𝑖
∗⁄ , 𝑋, 𝛽) 

∝ 𝜋(𝑦𝑖
∗ 𝑋, 𝛽, 𝜎2⁄ ). 𝜋(𝛽 𝜎2)⁄ . 𝜋(𝜎2) 

∝ −
1

(𝜎2)
𝑛
2

𝑒
−
1
2𝜎2

(𝑦 
∗−𝑋𝛽)′(𝑦 

∗−𝑋𝛽)
.

1

(𝜎2𝜏2)
𝑝
2

𝑒
− 

1
2𝜎2

 𝛽′𝑇𝜏
−1𝛽
.
1

𝜎2
 

= (𝜎2)
𝑛
2
 + 
𝑝
2
 −1 exp {−

1

2𝜎2
(𝑦 
∗ − 𝑋𝛽)′(𝑦 

∗ − 𝑋𝛽) + 𝛽′𝑇𝜏
−1𝛽} 

= (𝜎2)
𝑛+𝑝

2
  −1 exp {−

1

2𝜎2
[(𝑦 

∗ − 𝑋𝛽)′(𝑦 
∗ − 𝑋𝛽) + 𝛽′𝑇𝜏

−1𝛽]}   …(3.8) 
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this is the invers gamma with shape parameter 
𝑛+𝑝

2
   and scale 

parameter (𝑦 
∗ − 𝑋𝛽)′(𝑦 

∗ − 𝑋𝛽) 2⁄ + 𝛽′𝑇𝜏
−1𝛽 2⁄ . 

 

4. The full conditional posterior distribution of  𝜏2is: 

𝜋(𝜏𝑗
2 𝛿2⁄ , 𝜂) ∝ 𝜋(𝛽 𝜏𝑗

2⁄ ). 𝜋(𝛿2 𝜂)⁄  

∝ (
1

𝜏𝑗
2)

1
2
  

𝑒
− 

1
2𝜎2

  
𝛽𝑗
2

𝜏𝑗
2

 𝑒
−   
𝛿2

𝜏𝑗
2

  

∝ (𝜏𝑗
2)
− 
1
2 exp [ − 

1

2
(
𝛽𝑗
2 𝜎2⁄

𝜏𝑗
2 + 𝛿2𝜏𝑗

2)]     ⋯⋯ (3.9) 

∝ (
1

𝜏𝑗
2)

−3
2
  

exp [− 
1

2
(
𝛽𝑗
2

𝜎2 𝜏𝑗
2 +

𝛿2

1 𝜏𝑗
2⁄
)] 

 

 

This formula can be formulated by using the invers Gaussian distribution. The 

invers Gaussian is: 

𝑓(𝑋; 𝑎, 𝑏) = (
𝑏

2𝜋𝑋3
)

1
2
  

exp [
−𝑏(𝑋 − 𝑎)2

2𝑎2𝑋
] 

The invers of 𝑓(𝑋; . ) is 𝑓′( . ) defined by 

𝑓′(𝑦 ; 𝑎, 𝑏) = (
𝑏

2𝜋𝑦
)

1
2
  

exp [
−𝑏(1 − 𝑎𝑦)2

2𝑎2𝑦
] 

Where = 𝑋−1 , then formula (3.9) becomes as the inverse Gaussian 

distribution as follows:  
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∝ (
1

𝜏𝑗
2)

−3

2
  

exp [− 
𝛽𝑗
2((1 𝜏𝑗

2⁄ )−√𝛿2𝜎2 𝛽2⁄ )
2

2𝜎2(1 𝜏𝑗
2⁄ )

] … (3.10) 

So, we can say that (
1

𝜏𝑗
2)~𝑖𝑛𝑣𝑒𝑟𝑠 𝐺𝑎𝑢𝑠𝑠𝑎𝑖𝑛 𝑤𝑖𝑡ℎ 𝑚𝑒𝑎𝑛 √

𝛿2 𝜎2

𝛽𝑗
2  and shape 

parameter 𝛿2 = 𝑏.  

5. Based on Park and Casella (2008), we proposed the gamma prior for 𝛿2. 

Then full conditional posterior distribution of  𝛿2 is defined as in 

follows: 

(𝛿2)𝑘−1𝑒
−
𝛿2

𝜂 (∏
𝛿2

2
𝑒−𝛿

2𝜏𝑗
2 2⁄

𝑝

𝑗=1

) 

=(𝛿2)𝑝+𝑘−1 exp [−𝛿2(
1

2
∑ 𝜏𝑗

2 +
1

𝜂

𝑝
𝑗=1 )]    … (3.11) 

 

This is also a gamma distribution with shape parameter 𝑝 + 𝑘 and rate 

parameter  
1

2
∑ 𝜏𝑗

2𝑝
𝑗=1  .  

6. The full conditional posterior distribution of  𝜂 is: 

 

𝜋(𝜂 𝛿2, 𝜆⁄ ) ∝  𝜋(𝛿2 𝜂⁄ ). 𝜋(𝜂|𝜆) 

∝ (𝛿2)𝑘−1𝑒
−
𝛿2

𝜂  
𝜆2

𝛤2
 𝜂−2−1 𝑒− 𝜆 𝜂⁄   

∝ 𝜂−2−1 𝑒
−
1

𝜂
(𝛿2+𝜆) 

        …(3.12) 

we can say that 𝜂 is follows inverse gamma with shape parameter (2) and 

scale parameter  (𝛿2 + 𝜆). 
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7.  The full conditional posterior distribution of  𝜆 is: 

 

𝜋(𝜏 𝜂⁄ ) ∝ 𝜋(𝜂 𝜆⁄ ). 𝜋(𝜆 𝑎⁄ , 𝑏) 

∝
𝜆2

Γ2
𝜆−2−1𝑒

−𝜆
𝜂  
𝑏𝑎

Γ𝑎
𝜆−𝑎−1𝑒

−𝜆
𝑏  

∝ 𝜆−𝑎−1−2−1𝑒
−𝜆(

1
𝑏
+
1
𝜂
)
  

∝ 𝜆−(𝑎+3)−1𝑒
−𝜆(

1
𝑏
+
1
𝜂
)
 

 𝜆 ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐺𝑎𝑚𝑚𝑎 ( 𝑎 + 3,
1

𝑏
+
1

𝜂
) 

3.4.  BBRrLsmn Sampling 

1- Sampling 𝒚 
∗:  we draw the latent variable 𝑦 

∗ from truncated normal 

distribution with mean (𝒙𝒊
𝑻𝜷) and variance (𝝈𝟐𝑰𝒏). 

2- Sampling 𝜷: we draw 𝜷 from normal distribution 𝑪−𝟏𝑿′𝒚 
∗and variance  

𝝈𝟐𝑪−𝟏. 

3- Sampling 𝝈𝟐: we draw 𝝈𝟐 from invers gamma with shape parameter 
𝒏+𝒑

𝟐
  −

𝟏 and scale parameter (𝒚 
∗ − 𝑿𝜷)′(𝒚 

∗ − 𝑿𝜷) 𝟐⁄ + 𝜷′𝑫𝝉
−𝟏𝜷 𝟐⁄ . 

4- Sampling 𝝉𝟐 : we draw 𝝉𝟐 from inverse Gaussian with mean  √
𝜹𝟐 𝝈𝟐

𝜷𝒋
𝟐  and 

shape parameter 𝜹𝟐. 

5- Sampling 𝛿2 : we draw 𝜹𝟐 from a gamma distribution with shape parameter 

𝒑 + 𝒌 and rate parameter  
𝟏

𝟐
∑ 𝝉𝒋

𝟐𝒑
𝒋=𝟏  . 
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6- Sampling 𝜼: we draw 𝜼 inverse gamma with shape parameter (2) and scale 

parameter  (𝜹𝟐 + 𝝀). 

7- Sampling 𝜆 : we draw 𝝀 from inverse gamma distribution as: 

𝜆 ∼ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐺𝑎𝑚𝑚𝑎 ( 𝑎 + 3,
1

𝑏
+
1

𝜂
) 

3.5. Extension on BBRrLsmu Models  

This section discuss the hierarchical model that proposed by Mallick et al. 

(2020). Bayesian reciprocal Lasso binary regression model based on Scale 

Mixture of uniforms (BBRrLsmu) formulation as Mallick et al. (2020) 

proposed, where the prior distribution of β is 

β~Double inverse pareto (η, 1) and η~ inverse gamma (2, λ), then β follows 

inverse Laplace (λ).  

𝑦𝑖
∗|𝑦𝑖 , 𝛽, 𝜎

2~{
 N(𝑥𝑖

′𝛽 , 𝜎2𝐼𝑛)I{𝑦𝑖
∗ > 0}, if 𝑦𝑖 = 1,

 N(𝑥𝑖
′𝛽 , 𝜎2𝐼𝑛)I{𝑦𝑖

∗ ≤ 0}, if 𝑦𝑖 = 0.
 

 

𝛽|𝜂~∏
1

𝑢𝑛𝑖𝑓𝑜𝑟𝑚 (−
1
𝜂𝑗
,
1
𝜂𝑗
)

𝑝

𝑗=1

 

𝜂|𝜆~∏𝐺𝑎𝑚𝑚𝑎(2, 𝜆)

𝑝

𝑗=1

 

𝜎2~ 𝜋(𝜎2)                                          (3.13) 
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3.6. Gibbs Sampler Algorithm  

By using the Bayesian lasso and connect it with reciprocal lasso, we can 

introduced the full conditional posterior distribution for hierarchical prior 

model (3.13)  as follows: 

𝑦𝑖
∗ 𝑦𝑖 , 𝛽⁄ ~ 𝑁𝑛(𝑋𝑖

′𝛽, 𝜎2𝐼𝑛) 

𝛽|𝑦 
∗, 𝑋, 𝑢, 𝜆, 𝜎2~𝑁𝑝 (�̂�𝑚𝑙𝑒 , 𝜎

2(𝑋�́�)
−1
)∏𝐼 {|𝛽𝑗| >

1

𝜎2𝑢𝑖
}

𝑝

𝑗=1

, 

𝑢|𝑦 
∗, 𝑋, 𝛽, 𝜆, 𝜎2~∏𝑒𝑥𝑝(𝜆) 𝐼 {𝑢𝑗 >

1

𝜎2|𝛽𝑗|
} ,

𝑝

𝑗=1

 

𝜎2, 𝑦 
∗, 𝑋, 𝛽, 𝑢, 𝜆~ 𝐼𝑛𝑣. 𝐺𝑎𝑚𝑚𝑎(

𝑛 − 1

𝑝
,
1

2
(𝑦 
∗ − 𝑋𝛽)′(𝑦 

∗ − 𝑋𝛽)) 

𝜆|𝛽~ 𝐺𝑎𝑚𝑚𝑎(𝑎 + 2𝑝, 𝑏 + ∑
1

|𝛽𝑗|

𝑝
𝑗=1 ).           (3.14) 
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4.1 Introduction 

In this chapter, we carry out MCMC simulation examples to illustrate the 

performance of the proposed approaches (Bayesian binary regression with 

reciprocal Lasso penalty using scale mixture of uniforms referred to as 

’BBRrLsmu’ and Bayesian binary regression with reciprocal Lasso 

penalty using scale mixture of normless referred to as ’ BBRrLsmn’ ) We 

compare our proposed methods with some Bayesian and non-Bayesian 

approaches. The approaches in this comparison include model (2.3) : 

• Logistic regression (Logit). 

• Probit regression (Probit). 

• Binary regression with the Lasso penalty (Lasso). 

• Bayesian binary regression with the adaptive Lasso penalty 

(BBRaL). 

• Bayesian binary regression with the reciprocal Lasso penalty using 

scale mixture of normals (BBRrLsmn). 

• Bayesian binary regression with the reciprocal Lasso penalty using 

scale mixture of uniforms (BBRrLsmu). We consider four simulation 

studies: 

• Simulation study 1 (simple sparse case): β = (1,2,0,0,1,2,0,0) • 

• Simulation study 2 (sparse case): β = (1,2,0,0,0,1,2,0,0,0,1,2,0,0,0) 
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• Simulation study 3 (dense case):𝛽 = (0.85,0.85,… ,0.85⏟          
15

)  

• Simulation study 4 (very sparse case):𝛽 = (3,0,… ,0⏟    
14

)  

The data in the simulation examples are generated by 

𝑦𝑖
∗ = 𝜒𝑖

′𝛽 + 휀𝑖   , 휀𝑖  ~𝑁(0, 𝜎
2) ,   𝑖 = 1,2,…… . , 𝑛,              (1) 

 yi = 1 if yi
∗ ≥ 0, yi = 0 otherwise. (2) 

The rows of the design matrix X for the simulations are generated from N 

(0, Σ), where Σ has one of the following covariance structures: 

1. Case I: Identity matrix of size p. 

2. Case II: Compound symmetry matrix, where Σij = 0.5, if i ≠ j and Σii 

= 1, for i = 1,...,n. 

3. Case III: Autoregressive correlated matrix, where Σij = 0.50|i−j| for all 

i=1,2,3,…..p         ,         j =1,2,3,……, p. 

We set σ2 ∈ {1,9,25}. 

In each simulation study, we run 100 replications. For each replication, 

we simulate 30 observations as a training set and 250 observations as a 

testing set. We run the Bayesian algorithms for 12000 iterations 

discarding the first 2000 iteration as a burn-in. Approaches are compared 

using median of mean absolute deviation (MMAD) which can be 

calculated as 
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 MMAD  =  ) 

where the median is taken over 100 simulations. We also calculate the 

median of true number of classifications for each method (Correct), where 

the median is taken over 100 simulations. The Correct here is stands for 

The results are summarized in Tables 1, 2, 3 and 4. The results show 

that, in terms of the MMAD, our proposed Bayesian approaches 

(BBRrLsmn and BBRrLsmu) perform better than the other approaches in 

general, especially for the BBRrLsmu. In Simulation 1, we can see that 

the proposed approach BBRrLsmu performs very will. It has the smallest 

MMAD in 6 out of 9 simulation setups. In Simulation 2, BBRrLsmu has 

the smallest MMAD in 8 out of 9 simulation setups. In Simulation 3, 

BBRrLsmu has the smallest MMAD in 5 out of 9 simulation setups. In 

Simulation 4, BBRrLsmu has the smallest MMAD in 9 out of 9 

simulation setups. 

In terms of the Correct, our proposed Bayesian approach (BBRrLsmu) 

perform better than the other approaches in general. In Simulation 1, we 

can see that the proposed approach BBRrLsmu performs very will. It has 

the highest Correct in 5 out of 9 simulation setups. In Simulation 2, 

BBRrLsmu has the highest Correct in 5 out of 9 simulation setups. In 

Simulation 3, BBRrLsmu has the highest Correct in 8 out of 9 simulation 

setups.  In Simulation 4, BBRrLsmu has the highest Correct in 6 out of 9 

simulation setups.  
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Table (4.1): MMADs and Corrects for Simulation study 1.  

  

 

  

 

Case I Case II Case III 

MMAD SD Correct SD MMAD SD Correct SD MMAD SD Correct SD 

Logit 1 111.5 9.562 207 9.802 81.879 51.483 222 6.754 43.209 45.682 213 6.655 

probit 1 29.6 8.719 208 9.858 20.472 15.188 221 7 9.96 13.423 213 6.86 

Lasso 1 1.288 1.733 211.5 9.267 1.495 3.224 231 6.014 2.867 3.797 221 6.571 

BMaLasso 1 23.4 7.655 212 7.12 33.706 8.529 227 5.36 28.223 6.467 216 6.405 

BBRrLsmn 1 2.242 0.01 204.5 6.815 3.612 0.008 227.5 5.497 2.717 0.007 218 4.28 

BBRrLsmu 1 1.492 0.111 206 7.329 1.594 0.466 233 4.277 1.621 0.173 217 4.685 

  

Logit 9 1.865 50.89 177 9.328 8.106 34.704 196 9.138 3.814 400.48 181 9.047 

probit 9 1.82 61.43 177 9.258 3.786 64.452 195 9.379 2.48 123.82 181 9.114 

Lasso 9 2.063 0.417 172 17.18 2.433 1.186 204 7.204 2.068 0.548 185 8.989 

BMaLasso 9 4.417 7.293 176 9.577 13.934 11.241 200 8.657 8.779 9.193 184 8.555 

BBRrLsmn 9 2.303 0.036 176 8.848 3.661 0.038 199 9.639 2.779 0.044 186 8.785 

BBRrLsmu 9 1.802 0.226 179 9.041 2.364 0.54 205 8.473 2.111 0.296 185 8.718 

  

Logit 25 1.98 47.34 158 12.5 2.762 88.005 175 10.61 2.415 165.01 164 11.746 

probit 25 2.1 44.61 157 12.75 3.08 21 176 10.65 2.489 49.712 164 11.765 

Lasso 25 2.333 0.257 151 14.68 3.101 0.594 181 12.69 2.549 0.525 165 14.671 

BMaLasso 25 3.411 4.041 157.5 12.11 3.973 9.23 177.5 10.7 3.63 7.669 165 11.491 

BBRrLsmn 25 2.347 0.06 158 11.85 3.708 0.053 175 10.76 2.855 0.065 164 11.385 

BBRrLsmu 25 2.069 0.234 159 13.21 3.076 0.471 177.5 10.86 2.475 0.28 166 11.619 

 

Table (4.1) shows the results the illustrates the values of quality measures MMAD 

and SD, for different regression models under different values of 𝜎2 and different 

values of Var-Cov matrix. where the smallest value for MMAD and SD have 

captured in our proposed models, and this obvious from the values of median of 

correct classification. 
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So, we can say that the proposed models are performs belter and are comparable 

models. overall, our proposed model match its parameter estimates with parameter 

estimates in the true vector of parameters values. For example in simulation (4.1) , 

case I under  𝜎2 = 1  , the values of MMAD of our models are ( 2.242 and 1.492) 

which indicates that our proposed models yields very closed parameters estimates 

over the true vector , and so one for the cases II and III. Consequently, simulation 

1 shows that our proposed models outperform in 6 limes out of 9 limes  

  

 

 

Figure (4-1): Trace plots based on posterior samples for Case I in Simulation 1, 

where σ2 = 1 using BBRrLsmn method. 
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 show that the convergence of the Gbbs sampler algorithm is efficient in our 

proposed model ( BBRrlsmn) , hot is means mixing in algorithm working well .  

 

 

 

Figure(4-2) : Histograms based on posterior samples for Case I in Simulation 1, 

where σ2 = 1 using BBRrLsmn method 
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shows that the distribution of the estimated parameters follow the normal 

distribution which the theoretical port that indicate the match regressors are 

normally distributed.  

Table (4.2): MMADs and Corrects for Simulation study 2.  

  

 

  

 

Case I Case II Case III 

MMAD SD Correct SD MMAD SD Correct SD MMAD SD Correct SD 

Logit 1 41.59 6.967 202 8.811 31.169 3.246 205 5.134 39.804 7.541 204 10.712 

probit 1 9.623 1.925 202 9.109 5.55 0.699 206 4.875 8.699 2.186 203.5 10.973 

Lasso 1 1.646 0.898 211 7.681 3.854 1.99 223.5 5.401 2.077 0.546 219 6.36 

BMaLasso 1 34.73 5.484 208 7.411 39.989 9.038 220 5.575 35.603 6.531 217.5 6.978 

BBRrLsmn 1 2.802 0.008 207 6.68 5.045 0.009 207 4.109 3.428 0.01 214 6.813 

BBRrLsmu 1 1.939 0.146 208 6.86 3.039 0.498 227 3.737 1.871 0.247 224 6.212 

  

Logit 9 71.84 101.3 172.5 10.44 35.833 22.495 193 8.5 43.773 119.93 181.5 8.889 

probit 9 18.69 29.53 172 10.71 6.956 6.426 193 8.582 10.016 35.86 182 8.723 

Lasso 9 2.458 0.52 178.5 15.15 3.534 1.392 208 5.922 2.545 0.757 191 13.559 

BMaLasso 9 31.3 6.884 178 8.695 39.53 9.284 205 7.545 35.038 6.929 188 9.783 

BBRrLsmn 9 2.845 0.03 180 7.666 5.055 0.022 195 5.515 3.458 0.029 187 8.35 

BBRrLsmu 9 2.152 0.188 178 7.739 3.029 0.624 208.5 5.643 2.341 0.311 191.5 8.616 

  

Logit 25 95.07 2.969 154 10.88 54.674 97.037 175 9.874 73.579 2.438 161 10.362 

probit 25 25.29 3.375 155 10.52 12.672 28.359 175 9.652 18.536 4.375 161 10.894 

Lasso 25 2.932 0.627 152 16.63 4.077 0.774 190 9.322 3.15 0.602 167.5 12.87 

BMaLasso 25 30 11.49 157.5 10.39 34.131 10.202 183 8.216 29.622 10.7 166 10.387 

BBRrLsmn 25 2.917 0.057 159 10.84 5.107 0.039 180 8.178 3.514 0.047 166 9.443 

BBRrLsmu 25 2.497 0.286 157.5 10.44 3.801 0.601 188 8.061 2.851 0.357 168 9.922 

 

Table (4.2) shows the results the illustrates the values of quality measures MMAD 

and SD, for different regression models under different values of 𝜎2 and different 

values of Var-Cov matrix. where the smallest value for MMAD and SD have 



Chapter Four             Simulation and Real Data 

 

 

 
40 

 

captured in our proposed models, and this obvious from the values of median of 

correct classification. 

So, we can say that the proposed models are performs belter and are comparable 

models. overall, our proposed model match its parameter estimates with parameter 

estimates in the true vector of parameters values. For example in simulation (4.2) , 

case II under  𝜎2 = 1  , the values of MMAD of our models are ( 3.039) which 

indicates that our proposed models yields very closed parameters estimates over 

the true vector , and so one for the cases III. Consequently, simulation 2 shows 

that our proposed models outperform in 8 limes out of 9 limes. 

 

 

Figure(4-3) : Trace plots based on posterior samples for Case I in Simulation 2, 

where σ2 = 1 using BBRrLsmu method 
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 show that the convergence of the Gbbs sampler algorithm is efficient in our 

proposed model ( BBRrlsmu) , hot is means mixing in algorithm working well 

 

. 

 

 

Figure(4-4) : Histograms based on posterior samples for Case I in Simulation 

2, where σ2 = 1 using BBRrLsmu method. 
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shows that the distribution of the estimated parameters follow the normal 

distribution which the theoretical port that indicate the match regressors are 

normally distributed 

 

 

 

 

Table (4.3): MMADs and Corrects for Simulation study 3.  

  

 

  

 

Case I Case II Case III 

MMAD SD Correct SD MMAD SD Correct SD MMAD SD Correct SD 

Logit 1 45.14 12.43 207 10.72 42.752 18.735 196 7.901 51.171 19.667 199 8.577 

probit 1 11.05 3.617 207 10.76 10.673 5.292 196 7.871 12.704 5.939 199 8.888 

Lasso 1 1.024 2.049 223 7.02 0.914 2.426 218.5 6.658 0.979 2.098 223.5 6.685 

BMaLasso 1 40.94 7.959 213 8.493 36.853 7.654 210 6.64 38.973 7.104 216 7.003 

BBRrLsmn 1 2.093 0.015 205 6.251 2.073 0.01 197.5 6.068 2.127 0.012 205 6.418 

BBRrLsmu 1 1.53 0.084 212 7.206 1.375 0.169 223 5.448 0.914 0.087 214.5 6.417 

  

Logit 9 72.17 5.719 163.5 12.24 70.641 10.531 162 9.658 79.601 10.438 159.5 11.304 

probit 9 19.33 4.75 163 12.13 19.007 10.625 161.5 9.955 21.307 10.562 160 11.486 

Lasso 9 1.757 0.729 183 16.01 1.685 0.549 179 11.26 1.716 0.333 184 14.658 

BMaLasso 9 34.29 11.46 167 12.27 26.06 10.127 167.5 9.794 26.568 10.361 168 10.935 

BBRrLsmn 9 2.191 0.042 164 9.008 2.135 0.04 164.5 9.064 2.214 0.039 166.5 9.949 

BBRrLsmu 9 1.853 0.178 167 10.66 1.734 0.2 189 9.343 1.662 0.149 189.5 11.392 

  

Logit 25 70.94 2.509 148 11.03 76.166 10.344 146 10.18 77.944 178.19 145 9.867 

probit 25 19.07 5.188 147.5 11.08 20.584 10.625 146 10.18 21.144 10.188 145 10.323 

Lasso 25 2.1 0.329 148 20.28 2.096 0.757 156.5 16.32 2.185 0.35 148 19.63 

BMaLasso 25 28.12 12.84 149 11.19 17.313 9.482 148 10.15 20.007 10.867 148 10.022 

BBRrLsmn 25 2.244 0.049 147.5 8.958 2.2 0.059 147 8.368 2.256 0.049 147.5 8.732 

BBRrLsmu 25 2.04 0.236 158 10.39 1.958 0.228 159 9.758 2.051 0.206 158 9.556 
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Table (4.3) shows the results the illustrates the values of quality measures MMAD 

and SD, for different regression models under different values of 𝜎2 and different 

values of Var-Cov matrix. where the smallest value for MMAD and SD have 

captured in our proposed models, and this obvious from the values of median of 

correct classification. 

So, we can say that the proposed models are performs belter and are comparable 

models. overall, our proposed model match its parameter estimates with parameter 

estimates in the true vector of parameters values. For example in simulation (4.33) 

, case III under  𝜎2 = 1  , the values of MMAD of our models are (0.914) which 

indicates that our proposed models yields very closed parameters estimates over 

the true vector , simulation 3 shows that our proposed models outperform in 5 

limes out of 9 limes. 
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Table (4.4) shows the results the illustrates the values of quality measures MMAD 

and SD, for different regression models under different values of 𝜎2 and different 

values of Var-Cov matrix. where the smallest value for MMAD and SD have 

captured in our proposed models, and this obvious from the values of median of 

correct classification. 

So, we can say that the proposed models are performs belter and are comparable 

models. overall, our proposed model match its parameter estimates with parameter 

Table (4.4) :MMADs and Corrects for Simulation study 4.  

  

 

  

 

Case I Case II Case III 

MMAD SD Correct SD MMAD SD Correct SD MMAD SD Correct SD 

Logit 1 39.86 24.56 199 8.506 32.403 2.04 210 2.843 39.532 6.841 207 7.038 

probit 1 9.239 7.527 198 8.777 5.121 0.58 211 3.356 8.398 1.93 207 6.946 

Lasso 1 2.517 0.703 148 24.07 3.337 0.681 223 3.641 2.743 0.665 206 6.9 

BMaLasso 1 30.66 5.037 197 8.544 48.663 9.543 226.5 6.1 39.309 7.024 217 6.37 

BBRrLsmn 1 2.187 0.027 206 9.094 7.001 0.005 204.5 2.994 3.987 0.011 210 6.257 

BBRrLsmu 1 1.293 0.222 205 8.262 2.59 0.351 238 2.589 1.212 0.309 229 4.2 

  

Logit 9 71.34 8.031 163.5 10.83 37.129 13.826 200.5 10.12 49.061 77.307 186 10.347 

probit 9 18.45 9.812 163.5 11.06 6.852 3.898 200 10.06 11.144 22.687 186 10.391 

Lasso 9 2.491 0.187 144 13.76 4.695 1.085 214 6.069 2.989 0.604 190 11.74 

BMaLasso 9 30.04 9.501 164 9.496 44.352 9.899 213 7.22 35.072 9.727 192 8.579 

BBRrLsmn 9 2.261 0.052 171 10.36 7.014 0.016 197 5.845 4.025 0.027 188 8.267 

BBRrLsmu 9 1.833 0.258 167 10.27 3.52 1 221 5.295 2.194 0.545 199.5 8.419 

  

Logit 25 89.89 25.19 149 9.878 45.483 31.42 184 9.834 64.43 244.04 164 10.79 

probit 25 24 47.94 149 9.751 10.017 8.909 183 9.836 15.821 70.938 164.5 10.872 

Lasso 25 2.514 0.2 136.5 11.02 5.618 0.832 201 5.776 3.67 0.621 169 15.201 

BMaLasso 25 27.22 12.65 150 9.257 37.977 9.356 195 7.885 32.277 12.233 173 10.023 

BBRrLsmn 25 2.349 0.071 152 10.63 7.04 0.026 184.5 7.926 4.078 0.039 170.5 7.598 

BBRrLsmu 25 2.169 0.293 151.5 9.773 4.675 0.873 201.5 6.736 2.95 0.523 176.5 9.297 
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estimates in the true vector of parameters values. For example in simulation (4.4) , 

case I under  𝜎2 = 1  , the values of MMAD of our models are ( 1.293) which 

indicates that our proposed models yields very closed parameters estimates over 

the true vector , and so one for the cases II and III. Consequently, simulation 4 

shows that our proposed models outperform in 9 limes out of 9 limes   

 

4.5   Real Data 

Here, the data represented by Covid-19 disease are described through the most 

important influencing factors and to estimate the extent of the impact of these 

factors on the response variable (patient's death or recovery), and also determine 

the best model using the binary regression model of the mutual lasso, through the 

(MMAD) and (SD). Where real data on the subject of research were collected 

from hospitals in Maysan Governorate for the year 2021, and a group of doctors 

specializing in respiratory and blood diseases was used in order to know the most 

important factors affecting the disease, as data for the year 2021 was collected 

with a sample size of (250) patients through the special card (The file of the 

sleeping patient) for each patient, and for the purpose of facilitating the task of 

analyzing this data, the response variable (y) was considered as (y = 0) the death 

of the patient, (y = 1) the patient’s recovery depending on the following 

explanatory variables: 

The variable X1 represents the patient's gender . 

The variable X2 represents the academic achievement of the patient . 

The variable X3 represents the patient's work . 

The variable X4 represents the age of the patient . 
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The variable X5 represents the marital status of the patient . 

The variable X6 represents the patient's residence for the patient . 

The variable X7 represents the patient's residence . 

This data is taken from a. Similar to the simulation studies, we analyze the data by 

dividing it into a training set with 30 observations and a test set with 220 

observations. Model fitting is carried out on the training set and performance is 

illustrated with the correct classification rate (Correct) on the testing data, i. e., the 

accuracy of prediction was quantified using correct classification rate. The 

response of interest is. The predictors are seven . 

From Table 5, we can see that our proposed methods produce higher correct 

classification rate than the other models. The correct classification rate for the 

Bayesian binary regression with the reciprocal Lasso penalty using scale mixture 

of normals (BBRrLsmn) is 66.8 % and the Bayesian binary regression with the 

reciprocal Lasso penalty using scale mixture of uniforms (BBRrLsmu) is 67.7% . 

The histograms for the real data covariates based on posterior samples of 12,000 

iterations are illustrated in Figures 5 and 6. The histograms reveal that the 

posteriors are the desired stationary distributions. 
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Table (4-5): The parameter estimations for the data. 

Coefficients Logit Probit Lasso BMaLasso BBRrLsmn BBRrLsmu 

�̂�1 
-0.2 -

0.133 

0 -1.243 -0.008 -0.033 

�̂�2 0.137 0.097 0 0.072 0.05 0.123 

�̂�3 
-0.21 -

0.135 

0 -0.557 -0.056 -0.133 

�̂�4 0.017 0.011 0 0.046 0.009 0.019 

�̂�5 
-

1.118 

-

0.692 

-

0.478 

-2.546 -0.288 -0.554 

�̂�6 1.386 0.835 0 4.293 0.168 0.321 

�̂�7 0.195 0.119 0 0.642 0.031 0.063 

 

Table (4-5) shows the parameter estimate of our proposal model and the other 

model. we can see than the lasso yields the sparse solution, and (BBRrLsmn) 

gives the closed estimates, and next the second proposed model ( BBRrLsmn)  

Table (4-6): The correct classification rate (Correct) on the testing data 

using the six methods 

Methods Logit Probit Lasso BMaLasso BBRrLsmn BBRrLsmu 

Corrects 137 138 55 134 147 149 

Rate 62 62.7 25 60.9 66.8 67.7 

Table (4-6) shows how our proposed models work interms of the 

correction classification, where the values of the latent variable (𝑦∗) holds 

the correlation mentioned in (3) in most of the observation  values of 

response variable (y) . 
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Figure (4-5) : Trace plots based on posterior samples for real data using 

BBRrLsmn method. 

 show that the convergence of the Gbbs sampler algorithm is efficient in 

our proposed model ( BBRrlsmn) , hot is means mixing in algorithm 

working well. 
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Figure (4-6): Trace plots based on posterior samples for real data using 

BBRrLsmu method. 

 show that the convergence of the Gbbs sampler algorithm is efficient in 

our proposed model ( BBRrlsmu) , hot is means mixing in algorithm 

working well. 
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Figure (4-7) : Histograms based on posterior samples for real data using 

BBRrLsmn method 

shows that the distribution of the estimated parameters follows the normal 

distribution which the theoretical port that indicate the match regressors are 

normally distributed. 
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Figure (4-8) : Histograms based on posterior samples for real data using 

BBRrLsmu method. shows that the distribution of the estimated parameters 

follow the normal distribution which the theoretical port that indicate the 

match regressors are normally distributed. 
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5.1 Conclusions: 

In this thesis We introduced the Bayesian reciprocal lasso method in a binary 

response regression model. The few previous studies on the subject of 

methods of arranging the reciprocal of the lasso in a Bes style stimulated the 

researcher to discuss the study of this type of arranging methods. Where this 

thesis dealt with the study of the Bayesian reciprocal lasso method in binary 

regression based on a representation called the standard mixture that depends 

on the measurement parameter), the first mixture is called the standard 

mixture of the truncated normal distribution and the second mixture is called 

the standard mixture of the uniform distribution with the gamma distribution. 

Based on these mixed representations, a hierarchical model was proposed for 

the a priori distributions based on binary regression, and thus the derivation of 

the post-conditional full distribution for the studied parameters. In addition, 

the subsequent distributions were employed in the framework of simulated 

experiments to study the behavior of these proposed distributions and to know 

their performance under different conditions in terms of assumptions for 

different values of the variance parameter for the error distribution and 

assuming different cases for the real feature vectors, as it was found that the 

models proposed by us are comparable models and excel in some Sometimes 

in some well-known ways. Finally, the proposed models were employed to 

analyze data related to the Corona epidemic to know the performance of the 

proposed methods in terms of their ability to classify the patient's condition 

after hospitalization as a two-value variable. Through the output of practical 

data, it was shown that the proposed methods are superior in classification 

frameworks. 
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5.2 Recommendations 

Depending on both the theoretical side and the applied side (simulation and 

real data), we recommend researchers interested in studying the methods of 

organization according to the Bayesian method to develop other 

representations that represent mixed distributions of the inverse Laplace 

distribution or to employ the mixed representations currently studied in other 

regression models such as the Tobit regression or the binary regression or 

Quantitative binary regression or regression of elastic net. In addition, we 

recommend researchers to employ the reciprocal lasso method in analyzing 

other data in other applied fields such as economic data, social data or health 

data. Finally, the ability of the penalty method for the inverse of the lasso 

showed that it has the ability to produce regression models that contain the 

least number of influential variables and have high explanatory power, which 

supports the prediction aspect. Finally, the ability of reciprocal lasso in 

providing (parsimonious) sparse models gives more benefit for researchers 

interested in the field of variable selection problem. 
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 الخلصة

 
A 

 

 

   

 

لالسو البايزي  االنحدار  الرسالة  هذه  اختيار    ناقشت  ان  تابع.  محدد  ثنائي  متغير  وجود  في  المتبادل 

لنموذج االنحدار. يضيف   تحليال  الهدف األكثر  التوضيحية هو  للمتغيرات  المثلى  الفرعية  المجموعات 

معكوس   المتبادل  تنفيذ   L1-RORM الالسو  تم  األخيرة،  اآلونة  في  المتبقية.  المربعات  الى مجموع 

تقدير معامل االنحدار التي استخدمت طرق التنظيم لبناء نموذج متفرق.    الكثير من االعمال على طريقة

السو المتبادل البايزي هو موضوع جديد يعطي نموذج االنحدار أكثر شمولية )عدد اقل من متغيرات 

التنبؤ مع أكثر قابلية للتفسير( لذلك، يمكن ان نقول ان السو المتبادل هي فكرة جديدة تحفز العديد من 

ناقشه المؤلف الذي  الطبيعي  التوزيع  ومزيج  المنتظم  التوزيع  المزيج  استخدمنا  عليها.  العمل  على  ين 

Mallick et al. (2020)      وقمنا بتعديل خلط التوزيع عبر نموذج هرمي سابق جديد. استخدمنا خليط

شرح  تم  التابع.  الثنائي  المتغير  هيكل  نموذج  في  الطبيعي  التوزيع  ومزيج  موحد  من    التوزيع 

سيناريوهات المحاكاة، وكذلك تحليل البيانات الحقيقية الختبار سلوك التوزيعات الالحقة. توضح النتائج  

ان مخاليط التوزيعات المقترحة تتفوق على بعض طرق التنظيم الشائعة في المحاكاة وتحليل البيانات. 

 تنظيم التي تعزز الحل المتناثر.  أخيرا، يوفر نموذج القمع الثنائي الالسو المتبادل أساسا انيقا لطرق ال
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