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Abstract 

We proposed Bayesian analysis for the generalized reciprocal lasso binary 

regression model. In Bayesian generalized reciprocal lasso we equip the 

likelihood function with an exponent called the learning rate. So, new 

hierarchical priors model have developed based on the scale mixture truncated 

normal (SMTN) distribution. In this paper the SMTN exploits as scale mixture 

for reciprocal Laplace distribution. New Gibbs sampler algorithm has derived 

by using the proposed hierarchical priors model. Real data analysis of covid-19 

epidemiology has analyzed. The results demonstrated that the proposed model 

performs well than the other models according to the values of the mean square 

error and mean absolute error criterion. 

 

Introduction 

Society is exposed to fierce epidemiological attacks from time to time, 

attacking people everywhere, and using it as a tool for the purpose of spreading 

it among others, as it does not differentiate between one race and another, nor 

male and female, and among the most famous of these epidemics that have 

spread in the last decade are (swine flu, Ebola SARS, the last of which comes at 
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the end of 2019 in the Chinese province of Wuhan and the beginning of 2020 in 

Iraq, the Corona virus, which spread as a tsunami that confused the health, 

social and economic lives of individuals. As the world stood helpless in the 

face of the attack of this virus (Covid-19), and there is no cure but not There is 

a solution to stop the spread other than isolating people from each other, so that 

the epidemic does not take advantage of those who have contracted it to 

transmit infection to others. Unparalleled in it kills people, spreads suffering 

among residential neighborhoods and families and relentlessly threatens 

people's lives, it is undoubtedly much more than a health crisis, it is a virus that 

threatens all human societies and the cause of many deaths, and for the purpose 

of knowing its behavior This virus and its impact on human life. It is necessary 

to study the impact of some variables on human life by using some statistical 

methods for the purpose of studying this effect, and one of the important 

statistical methods is regression analysis, which is one of the most important 

methods of applied statistics, and is one of the most widely used tools in 

statistical applications used in aspects of life. To show the relationship between 

variables, and this relationship may be between a dependent variable and one 

explanatory variable, which is called simple regression, or between a dependent 

variable and a group of independent variables, and the relationship here is 

called a multiple regression model. The regression model consists of two parts, 

the first is the Linear Regression Model, and the second is called the Non-

Linear Regression Model. The linear regression model is one of the easiest and 

best regression models, as one of its conditions is that the dependent variable 

must be unlimited and continuous.  

There are other cases where the dependent variable is (qualitatively) binary and 

not continuous. The dependent variable is binary either equal to one for the 

occurrence of the event or zero for the non-occurrence of the event this 

relationship can be represented as follows: 



𝑦 =  {
1 𝑖𝑓 𝑦∗ = 𝑥𝑖

՝𝛽 + 𝑒𝑖 ≥ 0

0 𝑖𝑓 𝑦∗ = 𝑥𝑖
՝𝛽 + 𝑒𝑖 < 0

    …… (1) 

 

The Reciprocal Lasso  

When applying the analysis of the multiple linear regression model, most of the 

time we encounter a problem called the Multicollinearity, which occurs when 

there is a strong or average correlation between the explanatory variables, as 

this relationship leads to an increase in the variance of the estimations of the 

regression parameters, which leads to unreliable results for the method of least 

squares Ordinary (OLS), which one of its most important assumptions is that 

the explanatory variables must be independent, and this problem affects the 

variations of the (OLS) coefficients. For the purpose of getting rid of this 

problem, treating it and developing appropriate solutions to it, several methods 

were used. The most important of these methods are (main components, ridge 

regression and Lasso regression), which are called contraction (regulation) 

methods, as they reduce the amount of variance and be greater than the increase 

in the bias of the estimator (Sara, 2019). These methods have good 

characteristics, including the combination of prediction and the reduction of 

model building, as well as the determination of the significant variable and the 

exclusion of the insignificant from the regression model. 

In 1934, the scientist Fisher was considered the first to address the 

Multicollinearity and its impact on the results of regression analysis. Many 

researchers followed him by clarifying other aspects of the problem and ways 

to solve it, until (Hoerl & Kemard in 1970) added a positive amount whose 

value ranges between zero and one to the main diameter elements of the 

information matrix (X'X) to solve this problem, where this method was called a 

model downhill ridge. 



𝛽𝑅 = 𝑎𝑟𝑔𝑚𝑖𝑛‖𝑦𝑖 − 𝑥𝑖
՝𝛽‖

2

2
+ 𝜆‖𝛽‖2

2 … . . (2) 

where 𝝀 ≥ 𝟎 is the shrinkage parameter. This model improves the prediction 

error by making the sum of squares of the regression coefficients less than a 

constant value by reducing them and reducing over-allocation. But this method 

does not perform variable selection so it does not help the model to make it 

more interpretable. 

Therefore, a new method similar to the ridge regression was proposed by 

Robert Tibshirani in 1996 called the Lasso method, which represents the initial 

letters of the concept (Least Absolute Shrinkage and Selection Operator). For 

regression model parameters that are smaller than a certain constant, this causes 

some parameters to be set to zero, effectively ruling them out. 

�̂�𝑙𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔𝑚𝑖𝑛||𝑦 − 𝑥′𝛽|| + 𝜆 ∑|𝛽𝑗|

𝑝

𝑗=1

    …… (3) 

In the Lasso method, there is a normalization parameter that controls the power 

of the penalty of the parameters of the regression model, which is of great 

importance in that as the coefficients are forced to be equal to zero when the 

adjustment parameter is large enough, and this is constrained in reducing the 

number of variables in the model, that is, when they are A large normalization 

parameter value leads to a larger number of transactions equal to zero. If the 

normalization parameter is zero, it will result in an ordinary least squares 

regression . but this method is not good for choosing the variable unless some 

conditions are met. To get rid of this problem, some scholars came to suggest 

some different methods, including adaptive lasso (Zou) 2006, SCAD (Fan and 

Li) 2001 and MCP (Zhang) 2010. Although these methods add some 

improvements to the lasso, but these methods produce Dense regression 

models. These methods share some features with Lasso because they give 

almost zero coefficients close to zero. Often the functions of these penalties are 



symmetric around 0, continuous and non-decreasing at (0, ∞). So, in 2014, 

Song proposed a new penalty function called lasso Reciprocal, which 

overcomes some of the shortcomings of the previous lasso penalty functions. 

where it is decreasing at (0, ∞), discontinuous at 0. 

�̂�𝑙𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔𝑚𝑖𝑛||𝑦 − 𝑥′𝛽|| + 𝜆∑
1

|𝛽𝑗|

𝑝

𝑗=1

    𝐼 {𝛽𝐽 ≠ 0 }          (4) 

This method shares with other lasso-type penalty functions the same oracle 

property and estimation error rate property. It approaches infinity when the 

parameters approach zero. Which gives nearly zero infinite penalty coefficients. 

The rLasso model has a very attractive and intuitive interpretation, and the 

more likely the predictor will make a false prediction, the smaller the 

coefficient is, and here the higher penalty should be given. But if the parameter 

is close to zero for the predictor, its effect on the model estimation is very 

limited, and this leads to the ease and simplicity of the model.  

In 2017 Grunwald and Omen proposed the safe Bayesian method that depends 

of the following Bayesian rule, 

𝜋(𝜃|𝑧𝑛, 𝜂) =
(𝑓(𝑦𝑛

|𝑥𝑛, 𝜃))
𝜂
𝜋(𝜃)

∫((𝑦𝑛
|𝑥𝑛, 𝜃))

𝜂
𝜋(𝜃)𝑝(𝑑𝜃)

      (5) 

 

Where the learning parameter 𝜂 ∊ [0,1], 𝜋(𝜃|𝑧𝑛, 𝜂) is the posterior distribution, 

𝑓(𝑦𝑛|𝑥𝑛, 𝜃) is the likelihood function and 𝜋(𝜃) is the prior distribution. 

Clearly, when η = 1  corresponds to standard Bayesian, and when η = 0 the 

posterior distribution is equal to the prior distribution and nothing is ever 

learned. The algorithm for learning parameter η will usually end up with values 

in between zero and one. 

  



Hierarchical prior and Gibbs sampler Algorithm 

To build the hierarchical prior model first we will present what Aramagan 

(2013) proposed,  𝜃~𝐺𝐷𝑃 (𝜀 = 𝜂 𝛼⁄  , 𝛼)𝑖𝑓  𝜃~𝑁(0, 𝜏), 𝜏~ exp(𝜆2 2⁄ ),  and 

𝜆~𝐺𝑎𝑚𝑚𝑎 (𝛼, 𝜂). Also, Mallick et al. (2020) proposed that the 

𝛽~𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑑𝑜𝑢𝑏𝑙𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 (𝜆) if the 𝛽~𝑁(0, 𝜏) 𝐼(|𝛽| >

𝜂), 𝜏~ exp(𝜀2 2⁄ ) , 𝜀~ exp(𝜂) , 𝑎𝑛𝑑  𝜂~𝐼𝐺(2, 𝜆). Obviously, Mallick et la. 

(2020) used the scale mixture of truncate normal to represent the inverse double 

exponential distribution. Secondly, we will employ the Bayesian rule () to 

derive the hierarchical priors model. Based on the scale mixture representation 

that proposed from mallick et la. (2020), binary regression model (), and the 

Bayesian rule () the hierarchical model is defined as follows: 

𝑦∗ = 𝑋𝑖
′𝛽 + 𝑒𝑖 

𝑦𝑖 = {
  1       𝑖𝑓       𝑦𝑖

∗  ≥ 0                              
 

0      𝑖𝑓       𝑦𝑖
∗ < 0    𝑖 = 1,… . , 𝑛

      (6)  

𝑦𝑛×1
∗ 𝑋, 𝛽⁄ , 𝜎2 ~𝑁(𝑋𝛽, 𝜎2𝐼𝑛) 

𝛽𝑝×1 𝜏⁄ , 𝜇 , 𝜎2 ~ ∏𝑁(0, 𝜎2 𝜏2

𝑝

𝑗=1

) 𝐼 {|𝛽𝑗| > 𝜎 𝑢𝑗⁄ } 

𝜏𝑝×1 𝜀⁄  ~ ∏𝑒𝑥𝑝

𝑝

𝑗=1

(𝜀2 2⁄ ) 

𝜀𝑝×1 𝑢⁄  ~ ∏𝑒𝑥𝑝

𝑝

𝑗=1

(
1

𝑢
) 

𝑢𝑝×1 𝜆⁄  ~ ∏𝐼𝑛. 𝐺𝑎𝑚𝑚𝑎

𝑝

𝑗=1

(2, 𝜆) 



𝜎2 ~𝜋(𝜎2) ∝
1

𝜎2
 

Based on the above hieratical model we can sample 𝑦∗, 𝛽, 𝜎2, 𝜏, 𝜀  𝑎𝑛𝑑 𝑢 as 

follows: 

1. The full conditional distribution of 𝑦∗ is: 

𝑦𝑖
∗ 𝑦𝑖 , 𝛽⁄ = {

𝑁(𝑋𝑖
′𝛽, 𝜎2𝐼𝑛) 𝐼 (𝑦𝑖

∗ > 0),          𝑖𝑓  𝑦𝑖 = 1
 

𝑁(𝑋𝑖
′𝛽, 𝜎2𝐼𝑛) 𝐼 (𝑦𝑖

∗ ≤ 0) ,        𝑖𝑓  𝑦𝑖 = 0
             

 

Where        𝜋(𝑦𝑖
∗ 𝑋, 𝛽, 𝜎2, 𝜂⁄ ) = (

1

(𝜎2)
(𝑛−1)

2⁄
)

𝜂

𝑒
−

𝜂

2𝜎2(�̂�−𝜒𝛽)𝑇(�̂�−𝜒𝛽)
 

 

2. The full conditional distribution of 𝛽𝑗 is: 

𝜋(𝛽 𝑦𝑖
∗⁄ , η, 𝑋, 𝜏, 2, 𝑢, 𝜆, 𝜎2) ∝ 𝜋(𝑦𝑖

∗ 𝑋, 𝛽, 𝜎2⁄ ). 𝜋(𝛽 𝑢)⁄  

     ∝ 𝑒
−

η
2𝜎2(𝑦 

∗−𝑋𝛽)′(𝑦 
∗−𝑋𝛽)

. 𝑒
− 

1
2𝜎2 𝛽′𝐷𝜏

−1𝛽
 

Where                                                   𝐷𝜏 = 𝑑𝑖𝑎𝑔(𝜏1
2, … , 𝜏𝑝

2), 

= exp {−
1

2𝜎2
[(𝛽′(𝑋′𝑋)𝛽 − 2𝑦 

∗𝑋𝛽 + 𝑦 
∗′𝑦 

∗) + 𝛽′𝐷𝜏
−1𝛽]} 

Now let 𝐶 = η𝑋′𝑋 + 𝐷𝜏
−1, then we have  

= exp {−
1

2𝜎2
(𝛽 − η𝐶−1𝑋′𝑦 

∗)′𝐶(𝛽 − η𝐶−1𝑋′𝑦 
∗)} 

Which is the multivariate normal with mean 𝛈𝑪−𝟏𝑿′𝒚 
∗and variance 𝝈𝟐𝑪−𝟏. 

 

3. The full conditional posterior distribution of  𝝈𝟐 is: 

𝝅(𝝈𝟐 𝒚𝒊
∗⁄ , 𝑿, 𝜷) 

∝ 𝝅(𝒚𝒊
∗ 𝑿,𝜷, 𝝈𝟐⁄ ).𝝅(𝜷 𝝈𝟐)⁄ . 𝝅(𝝈𝟐) 

∝ −
𝟏

(𝝈𝟐)
𝛈𝒏
𝟐

𝒆
−

𝛈
𝟐𝝈𝟐(𝒚 

∗−𝑿𝜷)′(𝒚 
∗−𝑿𝜷)

.
𝟏

(𝝈𝟐𝝉𝟐)
𝒑
𝟐

𝒆
− 

𝟏
𝟐𝝈𝟐 𝜷′𝑫𝝉

−𝟏𝜷
.
𝟏

𝝈𝟐
 



= (𝝈𝟐)
𝛈𝒏
𝟐

 + 
𝒑
𝟐
 −𝟏 𝐞𝐱𝐩 {−

𝛈

𝟐𝝈𝟐
(𝒚 

∗ − 𝑿𝜷)′(𝒚 
∗ − 𝑿𝜷) + 𝜷′𝑫𝝉

−𝟏𝜷} 

= (𝝈𝟐)
𝛈𝒏+𝒑

𝟐
  −𝟏 𝐞𝐱𝐩 {−

𝛈

𝟐𝝈𝟐
(𝒚 

∗ − 𝑿𝜷)′(𝒚 
∗ − 𝑿𝜷) + 𝜷′𝑫𝝉

−𝟏𝜷} 

Which is the invers gamma with shape parameter 
𝛈𝒏+𝒑

𝟐
  − 𝟏 and scale 

parameter 

 
𝛈

𝟐
(𝒚 

∗ − 𝑿𝜷)′(𝒚 
∗ − 𝑿𝜷) + 𝜷′𝑫𝝉

−𝟏𝜷 𝟐⁄ . 

4. The full conditional posterior distribution of  𝝉𝟐is: 

𝝅(𝝉𝒋
𝟐 𝜺⁄ , 𝜷) ∝ 𝝅(𝜷 𝝉𝒋

𝟐⁄ ).𝝅(𝜺𝟐 𝝉𝒋
𝟐)⁄  

∝ (
𝟏

𝝉𝒋
𝟐)

𝟏
𝟐
  

𝒆
− 

𝟏
𝟐𝝈𝟐  

𝜷𝒋
𝟐

𝝉𝒋
𝟐

 𝒆
−   

𝜺𝟐

𝝉𝒋
𝟐

  

∝ (𝝉𝒋
𝟐)

− 
𝟏
𝟐 𝐞𝐱𝐩 [ − 

𝟏

𝟐
(
𝜷𝒋

𝟐 𝝈𝟐⁄

𝝉𝒋
𝟐

+ 𝜺𝟐𝝉𝒋
𝟐)]      

The last formula can be treated by using the invers Gaussian distribution, 

∝ (
𝟏

𝝉𝒋
𝟐)

−𝟑
𝟐

  

𝐞𝐱𝐩 [− 
𝟏

𝟐
(

𝜷𝒋
𝟐

𝝈𝟐 𝝉𝒋
𝟐
+

𝜺𝟐

𝟏 𝝉𝒋
𝟐⁄
)] 

= (
𝟏

𝝉𝒋
𝟐)

−𝟑
𝟐

  

𝐞𝐱𝐩

[
 
 
 
− 

𝜷𝒋
𝟐 ((𝟏 𝝉𝒋

𝟐⁄ ) − √𝜺𝟐𝝈𝟐 𝜷𝟐⁄ )
𝟐

𝟐𝝈𝟐(𝟏 𝝉𝒋
𝟐⁄ )

]
 
 
 
 

Then  (
1

𝜏𝑗
2)  𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝐺𝑎𝑢𝑠𝑠𝑎𝑖𝑛  𝑤𝑖𝑡ℎ 𝑚𝑒𝑎𝑛 √

𝜀2 𝜎2

𝛽𝑗
2  and shape 

parameter 𝜀2. 

5. The full conditional posterior distribution of  𝜺 is defined as in Armange 

et la. (2013) and Mallick et la. (2020), 

∝ 𝜀 𝛽𝑗  , 𝜎
2⁄  ~ 𝐺𝑎𝑚𝑚𝑎 (2,

|𝛽𝑗|

𝜎
+

1

𝑢
) 

6. The full conditional posterior distribution of  𝒖 is defined as follows: 

𝝅(𝒖 𝝀, 𝜺⁄ ) ∝  𝝅(𝜺 𝒖⁄ ).𝝅(𝒖) 



∝
𝝀𝟐

𝜞𝟐
 𝒖−𝟐−𝟏 𝒆− 𝝀 𝒖⁄  .

𝟏

𝒖
 𝒆− 𝜺 𝒖⁄  

∝
𝝀𝟐

𝜞𝟐
 𝒖−𝟑−𝟏 𝒆− 

𝟏
𝒖
(𝝀+𝜺)  

∝ 
(𝝀 + 𝜺)𝟐

𝜞𝟑
 𝒖−𝟑−𝟏 𝒆− 

𝟏
𝒖
(𝝀+𝜺)

 

Recall the invers gamma distribution, consequently we can conclude that 𝒖 is 

distribution according to invers gamma with shape parameter (3) and scale 

parameter  (𝝀 + 𝜺). 

 

7- We will implement an algorithm to find the learning parameter 𝜂 from the 

data based on K-fold cross-validation. See 2017 Grunwald and Ommen for 

more details. 

 

Real data analyzing 

In this aspect, Covid-19 disease data will be presented and described by 

studying the most important factors affecting the disease and indicating the 

extent of the influence of these factors on the dependent variable (the death or 

recovery of the patient), as well as we determine the best model using the 

binary regression model of the reciprocal lasso, using the (MSE), and (MAE) 

The two researchers collected data from the inpatient halls of Covid 19 patients 

in Al-Sadr Teaching Hospital in Maysan Governorate for the year 2021, where 

a sample size of (250) patients was collected through the file of the recumbent 

patient, and for the purpose of simplifying the method of analysis, the response 

variable (y) was considered (y) = 0) the death of the patient, (y = 1) the 

patient’s recovery.  Next, we will employ the full conditional posterior 

distributions to find and assess the parameters estimates based on the proposed 

model (Bayesian Generalized Reciprocal Lasso Binary) and compare the results 

with the Classical Reciprocal Lasso Binary, Bayesian Lasso Reciprocal Binary. 



Table -1- Mean Square Error and Mean Absolute Error with its standard Error 

Bayesian 

Generalized 

Reciprocal Lasso 

Binary Reg.   

Bayesian Lasso 

Reciprocal Binary 

Reg.  

Classical 

Reciprocal Lasso 

Binary Reg.  

Methods 

 

 

0.858   (0.417) 1.749    (0.589) 2. 561   (0.671) MSE 

0.661   (0.373) 0.934   (0.477) 1.372  (0.526) MAE 

 

From table (1) the values of MSE and MAE that obtained of the proposed 

model are less than from the other models that indicates outperforms of the 

proposed model in term of the prediction accuracy. Next table shows the 

parameter estimates of the predictor variables. 

 

Table -2- Confidence interval of our proposed method 

Variables Name of variables 
Parameters 

estimation 

Confidence 

interval of 

parameters  

99% 

Interval 

low  

 

99% 

Interval 

high  

 

 

𝑋1 represents the patient's gender 3.438 2.341 4.752 

𝑋2 represents the academic achievement 

of the patient 

4.647 3.025 5.276 

𝑋3 represents the patient's work 0.000 -0.634 0.361 

𝑋4 represents the age of the patient 0.000 -0.892 1.520 

𝑋5 represents the marital status of the 

patient 

1.725 1.005 2.452 

𝑋6 represents the patient's residence for 

the patient 

0.848 0.182 1.758 

𝑋7 represents the patient's residence 1.671 0.825 3.463 

𝑋8 represents the length of time the 

patient has been in bed 

0.000 -0.894 1.573 

𝑋9 represents the patient's smoking 

attitude for the patient 

0.0000 -1.003 0.631 

𝑋10 represents the patient's diabetes 

mellitus 

-0.909 -2.238 -0.342 



𝑋11 represents the patient's hypotensive 

disease 

1.841 1.005 3.119 

𝑋12 represents the patient's weight -0.948 -1.493 -0.118 

𝑋13 represents the percentage of urea in 

the patient's body 

1.629 1.005 2.673 

𝑋14 represents the amount of creatinine in 

the patient's body 

1.735 0.984 2.326 

𝑋15 represents the patient's LDH -0.1039 -0.472 -0.005 

𝑋16 represents the patient's CRP 2.022 1.463 3.004 

𝑋17 represents FERRITIN for the patient 0.000 -1.763 0.782 

𝑋18 represents the patient's ESR 0.000 -0.967 1.745 

𝑋19 represents the patient's HGB 1.451 0.867 2.671 

𝑋20 represents the patient's WBC 0.000 -0.743 0.892 

𝑋21 represents the patient's NEU -2.427 -3.673 -1.562 

𝑋22 represents the patient's NEU 0.826 0.056 0.941 

 

Table (2) shows the parameter estimates. Obviously, the proposed model works 

as variable selection procedure where the parameter estimates of the predictor 

variables (X3, X4, X8, X9, X17, X18, X20) are sets to zero which indicates 

these variables have no influence on the response variable so the proposed 

model excluded these variables. The following figure illustrates the credible 

interval for the model parameters it is very clear that there are seven predictor 

variables means on the red line. 

 

Figure (1) the Boxplot of the credible intervals 



Next figure shows the stationary of the proposed posterior distribution of the 

different parameters. 

 

 

Figure (2) the trace plot of the parameter estimates. 

Also, to test the normality of the proposed model we draw the histogram of the 

parameters as follows. 

 

 

Figure (3) the Histogram of the parameter estimates. 

From figure (33) we can state that al the parameters of the proposed model 

follows the normal distribution which cope with the theoretical facts. 

 

 



Conclusions 

We proposed the generalized reciprocal lasso based on the scale mixture of the 

truncated normal through adding a parameter to the exponent of the likelihood 

function. New hierarchical priors distribution have derived and new full 

conditional posterior distributions have also derived. Real data have analyzed to 

assess the ability of the proposed model in terms of prediction and 

interpretability. The results showed that the proposed model perform well than 

the other exists model.  

Recommendations 

There are much future works in the Bayesian generalized reciprocal lasso from 

the theoretical aspect, such as, Bayesian generalized reciprocal adaptive lasso, 

Bayesian generalized reciprocal elastic net lasso in different types of regression 

model, like, quantile regression, Logistic regression. 
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