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 االهداء
 الىىىع م اىىىا اة اىىى  رس ا ال اايىىىيل الناا ىىىس يىىىرا ال ىىى ل المىىى    ىىىاع    ارىىى  االىىى  ايىىىاا  

ايىىىىىنل الدعىىىىى     اىىىىىرنا الاىىىىى ل               اامتىىىىىااطي ال رلىىىىىرل بل  رىىىىى  الدلىىىىىي  م ىىىىى  ر  النىىىىىا 

الىىىىىىىىىىىىىىىىىع .ىىىىىىىىىىىىىىىىىنااً ال ىىىىىىىىىىىىىىىىى ا         لىىىىىىىىىىىىىىىىى         اامتد  ىىىىىىىىىىىىىىىىى         ا     ىىىىىىىىىىىىىىىىى                                           

يىىى   عىىى     الىىىع م فىىى  يىىى  اللرىىى      الىىىع م دىىىع اللىىىك االلدىىى       الىىىع مىىىل فىىى   ط   نىىى 

الىىىىىع مىىىىىل  يىىىىىن ا الارىىىىى ل    ىىىىى  اا تىىىىى       الىىىىىع مىىىىىل   ىىىىى    العدىىىىىس  لىىىىى  ا ىىىىىاامن                  

                                                                                               "امىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى  الللرلىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىس  ن نىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى   " 

ا .ىىىألع    ىىىا   ل ا ىىىس      الىىىع مىىىل ا  ىىى  ايىىى     ىىى   الىىىع م اىىى  ا  اىىىع يىىى  اللرىىى       الىىىع مىىىل يىىى ع

الىىىىىىىىع مىىىىىىىىل فااىىىىىىىى      لنرلىىىىىىىىس االي ىىىىىىىى ا     الىىىىىىىىع مىىىىىىىىل  ا دىىىىىىىى  ال  ىىىىىىىى ً طا  ا ت ىىىىىىىى ا                               ايتخىىىىىىىى ا

         "                                                                          أ ىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى  ال ىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى ل  ا ىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى ل   يىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى    ىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى ي" 

الىىىع مىىىل   يىىى ي    اىىىي اللرىىى   ام هىىى       الىىىع مىىىل هىىىا أ ىىىم   ىىى   امخىىى    ف  ىىى         الىىىع مىىىل 

 لىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى  أ    تىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىك الألاىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىا                                                                                         ىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى ف ها الألاىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىك

                                                                   "                                 ي   ااخىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىيا اخىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىىى" 
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 2022ر ا  امل ا ال                                                                                                    
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Symbols                 Meaning 

  The set of all natural numbers. 

  The set of all real numbers. 

  The set of all integer numbers. 

      Topological space 

       Topological space. 

        Topological subspace. 

     The indiscrete topological space. 

     The discrete topological space. 

   Semi feebly. 

  -open Semi feebly open. 

  -closed Semi feebly closed. 

    The set of all   -open sets of        .  

        The set of all   -limit points of   . 

        The   -closure of   . 

         The   -interior of   . 

       The collection of all   -neighborhoods of a point    . 

       The set of all   -boundary points of   . 

    The restriction of                 on subset   of   . 

                                      . 

                                     . 

  -    The   -dense subset. 



 
 
 

  -    The   -nowhere dense subset. 

  -    The   -somewhere dense subset. 

                                             .  

                                             . 

         The   -zero set of        . 

          The complement of   -zero set of        . 

       The   -perfectly normal space. 

 

 



Abstract 

 

    Our main aim is to create a new applications of type a topological spaces to 

construct a collection of   -open sets that has a form topology and study its 

properties. On the other hand, I classified  the existence of another new 

topology by using the   -simple extension of topological spaces as a tool in 

which was considered as the basis of  our  main  definition and study the 

properties of this concept. 

  Our second aim is to study a different type of topological spaces called, ''Semi 

Feebly Perfectly Normal Space" and denoted by (      )   with study its 

properties, by using semi feebly open sets (  -open) sets which is considered as 

the basis of  our  main  and study the properties of this concept. 

This study includes some important results and new concepts have been 

illustrated including    -open sets and   -irresolute mappings. This allows us to 

provide new examples of explicit descriptions of topological spaces as well as 

some types of semi feebly-covering for a topological spaces such as 

(             -Lindelof and semi feebly perfectly normal space), such that 

  is          and using as a tool to prove important results in topological 

spaces. Also, some findings related to the               -Lindelof and semi 

feebly perfectly normal space. 
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Introduction 

 



 

 i 

 

Introduction 

 
    Levien N. [11], 1963, introduced the concept of semi open sets. 

Feebly open sets were introduced to provide means to describe 

situations mathematically which give rise to defined classes of some 

type have topological spaces for which it is impossible to determine 

whether or not they belong to the general topology, [12]. 

 In 1971, Grossly G. and Hildebrand K. [7], defined the concept of semi 

closure. The semi- closure of set A is the smallest semi- closed (s- 

closed) set that contains A. 

In 1990, Ahmed N. [1], introduced the concept of some application of 

special subsets of topological space. 

In 2011, Raad H. and Nedaa H. [19], introduced the concept of 

paracompact spaces by using feebly open set. 

In this we study an important class of topological spaces such as semi 

feebly regular, semi feebly normal, semi feebly paracompact, semi 

feebly Lindelof and semi feebly perfectly spaces and some other types 

of these spaces. 

In 2020 Othman M. and Raad H. [14], gave the concept semi feebly 

open set "for short   -open" in topological spaces. Also, in the same 

year, they introduced some types of semi feebly regular and semi feebly 

normal spaces and studied some properties of these spaces, [15 and16].  

In 2021 Zahraa N. and Raad H. [20, 21 and 22], introduced new types of 

topological spaces namely     -regular,     -normal and gave complete 

characterizations of these spaces and studied their properties under the 

certain types of mappings such as it    -continuous mapping.  It is no 

secret to the reader that the it   -Lindelof space has the largest section in 

[22]. Therefore, the researcher decided to involve themselves in a study 



 

 ii 

 

similar to what was presented by some researcher as [5, 6, 9, and 10], to 

introduce new types of   -open sets namely   -zero sets, as it was 

mentioned, many of the characteristics of these sets were mentioned. 

Similar to what was mentioned for the properties of   -zero and as a 

study close to what was presented by Al-Omari A. and Noiri T. in year 

2017 [3], a new type of spaces was introduced which is said to be  -

Lindelof Space. 

The study our work revolves a new type of topological spaces, which is 

a generalization of     -normal space called "semi feebly perfectly 

normal space", where some of the main characteristics of these space 

were presented, which open many doors for future studies, some of 

which were mentioned in the list of future work. 

Where the thesis consists three chapters; 

Chapter one gives the background form of a   -open sets and the basic 

facts in topological spaces that are needed throughout thesis. 

This chapter is divided into three sections, the section One includes 

some basic definitions of some properties of a   -open set such as 

interior, closure of a   -open set. Therefore, the section two of this 

chapter focuses on a some types mappings by using a   -open set.    

Section three, the art of defining of     -regular space and     -normal 

space one of the fundamental problems in this thesis.  

Chapter two, is divided into two sections. Section One, introduced a 

new types of sets aggregates which are closely related to certain types of  

mappings and sets such as of   -open sets,   -boundary sets and   -

nowhere dense sets. The applications of a   -open provided a natural 

from work for generalizing many concepts of a new topology which is 

called   -simple extension presented in section two of the second 

chapter. 



 

 iii 

 

Chapter three divided in to two sections. In section one, the large variety 

of this facts are needed in chapter three the definition of   -zero sets and 

some examples of such sets in are already needed in chapter three. 

Moreover, in this section, we give a necessary and sufficient condition 

for the of   -zero Lindelof space and gives some important results about 

this space.  

In section two, we first introduce the notion of   -perfectly normal 

spaces and we find necessary and sufficient conditions by using   -open 

sets. Also, other descriptions are given about the properties of spaces. 
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Chapter One 

 

 

 
 

 

  

 

Basic topological concepts related 

with semi feebly open sets 



Chapter one  …………   Basic topological concepts related with semi feebly open sets 

 

[1] 

 

§ (1.1) Some types of open sets:  

      This section presents the definition of semi open sets and feebly open sets 

and we review some remarks and propositions about this concepts. 

 

Definition (1.1.1): [11] 

Let         be a topological space and    . Then   is said to be semi-open 

set (for short  -open) in  , if there exists an open set   with          . 

The complement of  -open set is  -closed set. 

 

Theorem (1.1.2): [1] 

Let         be a topological space and    . Then: 

i.   is  -open set in  , if and only if                

ii.   is  -closed set in  , if and only if there exists a closed set   of    such 

that:              

 

Theorem (1.1.3): [1] 

Let         be a topological space and    . Then   is  -closed set in  , if 

and only if there exists a closed set   of    such that                 

 

Definition (1.1.4): [7] 

Let         be a topological space and    . Then: 

i. The intersection of all is  -closed sets of   which containing a set   is said 

to be semi-closure ( -closure) and denoted       . 

ii. The union of semi is  -open sets of   that is contend in   is  said to be a 

semi-interior ( - interior) and denoted        . 

  

 

 

 



Chapter one  …………   Basic topological concepts related with semi feebly open sets 

 

[2] 

 

Remark  (1.1.5): [11] 

The intersection of two  -open sets, need not to be  -open set. 

 

Example (1.1.6): [22] 

Consider   {       } and   {      { }  { }  {    }}. Then each of 

{    } {    } is  -open but, is not {    }  {    }  { } is not  -open. 

 

Proposition (1.1.7): [22] 

Let         be a topological space and    . If    is open set of  ,    , 

then                        . 

 

Proposition (1.1.8): [22] 

Let         be a topological space and    . If    is open set of   and   is 

an  -open set of   , then   is an  -open of  . 

 

Proposition (1.1.9): [22] 

Let         be a topological space and    . If    is open set of   and   is 

an  -open set of   , then   is an  -open of  . 

 

Remark (1.1.10): [18] 

The intersection of an  -open set and an open set is  -open. 

 

Definition (1.1.11): [12] 

Let         be a topological space and    . Then   is said to be feebly 

open set (for short  -open) in  , if there exists an open set   such that 

          . The complement of  -open set is  -closed set. 
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[3] 

 

Theorem (1.1.12): [1] 

Let        be a topological space and    . Then: 

i.   is  -open set in  , if and only if                    

ii.   is  -closed set in  , if and only if                 . 

 

Remark (1.1.13): [4 ,16]    

i.   Every open set is  -open set. 

ii.  Every closed set  is  -closed set. 

iii. Every  -open set is  -open set. 

 

Definition (1.1.14): [12]   

Let         be a topological space and    . Then: 

i.        is smallest  -closed set containing in  . In other words,        is the 

intersection of all  -closed sets of   which containing  .  

ii.         is the largest  -open set which contained in  . In other words, 

        is the union of all  -open sets of   which contained in  .  

 

Theorem (1.1.15): [22] 

Let         be a topological space,     and    is open set of  . Then:  

i.                         , for any    .   

ii.                 (             ).  
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[4] 

 

§ (1.2) On    -open set and it is properties:  

     In this section we recall the basic background of   -open sets in topological 

spaces, that form a base for all the notions that we shall present over next 

chapters and we denote to the family of all   -open sets in a topological space 

       , denoted by    . 

 
Definition (1.2.1) [16] 

Let         be a topological space and    . Then   is said to be: 

i.    -open set, if     , where   is  -open set, then         . 

ii.   -closed set, if           , where   is  -closed set. 

  

Remark (1.2.2) [14]  

Let         be a topological space. Then:  

i.   Every closed ( -closed) set is   -open. 

ii.  Arbitrary intersection of   -open sets is   -open. 

iii. Every subset of discrete or in discrete topological space is   - open. 

iv. Every closed interval in where is usual topology is   -open. 

 

Remark (1.2.3): [14] 

i.  Not every open set is   -open set.  

ii. Not every  -open set is   -open set. 

iii. Not every  -closed set is   -open set. 

iv. Not every  -open set is   -open set. 

  

Definition (1.2.4) [16]  

A topological space         is said to be satisfy a conduct union, if the union 

of all   -open sets in   is also   -open. 

 

 



Chapter one  …………   Basic topological concepts related with semi feebly open sets 

 

[5] 

 

Definition (1.2.5) [14,22]   

Let         be a topological space and    . Then  

a point     is said to be a: 

i.    -limit point of  , if      { }    for every   -open set   containing 

 . We use        denotes the set of all   -limit points of  .  

ii.   -isolated point of  , if     it is not   -limit point of  .  

 

Definition (1.2.6) [14]  

Let         be a topological space and    . Then: 

i.  A set          is said to be a   -closure of   and defined by: 

         {                                 }. 

ii. A set           is said to be a   -interior of   and defined by: 

          {                               }. 

 

Remark (1.2.7) [16]  

Let         be a topological space satisfy conduct union and    . Then 

        is smallest   -closed set containing  .     

 

     The conduct union of    is a necessary condition in all theorems, not if it 

was mentioned. 

 

Proposition (1.2.8) [16]  

Let        be a topological space. Then:  

i.             and           .  

ii.             for all    .  

iii.  If     , then                 , where        .   

iv.                        for all    . 
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[6] 

 

Theorem (1.2.9) [16]  

Let         be a topological space and     with    . Then: 

i.            if and only if        for every   -open set   in    which 

containing  .                                                               

ii. A set   is   -closed if and only if           . 

 

Proposition (1.2.10)  

Let         be a topological space. Then:  

i.                            for all       .  

ii.                           for all       .  

Proof: 

i. Since       and      . By using Proposition (1.2.8.iii), it follows 

that                   and                  . Therefore, 

                         . 

ii. Since           and          , then                    . By 

using Proposition (1.2.8.iii), it follows that              . But 

          be a smallest   -closed set of    which containing    . Therefore, 

                         . By the similar way,       and      , 

we have                          . Thus, 

                         . 

 

Remark (1.2.11)  

The converse of (i) in Proposition (1.2.10) is not true in general, as the 

following example shows. 

  

 

 

 



Chapter one  …………   Basic topological concepts related with semi feebly open sets 

 

[7] 

 

Example (1.2.12)  

Consider   {    } and   {      { }}    { }       { } . It is clear 

that a set of all   -open sets of   is {      { }  } and the set of all   -closed 

sets of   is {      { }  }. Then: 

                            { }. 

But                          . 

 

Proposition (1.2.13)  

Let         be a topological space. Then a finite intersection of   -closed sets 

is   -closed. 

Proof:  

Let    and    be two a    closed sets of   . To show that       is a   -

closed set. By using Theorem (1.2.9.ii), it follows that             and 

           .  

By using Theorem (1.2.10.i), we have: 

                                   . 

But                              . From Theorem (1.2.9.ii) again, we 

have       is a   -closed set. 

   

Proposition (1.2.14) [14] 

Let         be a topological space and       . Then: 

i.                    .    

ii.    is   -closed set if and only if          . 

iii. If     ,              . 
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[8] 

 

Proposition (1.2.15) [16]  

Let         be a                  . Then:  

i.              and            .   

ii.             for all    .  

iii. If     , then                    for all       .   

iv.                          for all    . 

 

Proposition (1.2.16)  

Let         be a topological space and       . Then:  

i.                               .   

ii.                              .  

Proof: 

i. Since       and      , then                     and 

                   . Therefore,                             . By 

using Proposition (1.2.15.ii), it follows that            and           . 

Consequently,                      . Now, by using Proposition 

(1.2.15.iv), it follows that                              and hence 

                            . 

ii. Since       and      . By using Proposition (1.2.15.iii), it follows 

that                     and                    . Therefore, 

                            . 

 

Remark (1.2.17)  

The converse of (ii) in Proposition (1.2.16) is not true in general, as the 

following example shows. 
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[9] 

 

Example (1.2.18)  

Let   {      } with   {      { } {  } {    }} as a topology on  . The set 

of all   -open sets of   is {      { } {     } {   }} and the set of all   -closed 

sets of   is {     { } {  } {   }}   Whenever,   { } and   { }, we have: 

             { } and                        {   }  Then:  

                            . 

 

Theorem (1.2.19) [16]  

Let         be a topological space and     with    . Then: 

i.             if and only if there exists a   -open set   in    containing   

such that        .                                                               

ii. A set   is   -open if and only if            . 

 

Theorem (1.2.20) [14]  

Let         be a topological space and    . Then: 

i.                  
    . 

ii.                 
    . 

 

Theorem (1.2.21)  

Let         be a topological space and       such that            

          .  

If                          and                          and for 

any   -open set   of   with                is   -open set   of  , then:  

i.                                       . 

ii.                                              . 

Proof:  

i. Let     and                    .  
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[11] 

 

If                                      
  , then we should have 

from Theorem (1.2.20.i),                whence            which is 

absurd. So,                            .  

Then                                     .   

Now, to prove that                                     . Being 

                 preliminary we have: 

                          

                            
               . 

            
        .  

                      
              . 

Similarly,                                    
              . 

ii. The assertion follows from: 

                                           

                                                                      . 

 

Definition (1.2.22) [14]  

Let         be a topological space and    . An   -neighborhood of   (  -

nbd), is a set     such that       for some   -open set   of  . A 

subset   is   -nbd of { }, where    , if there exists a   -open set   of   such 

that       . 

 

Notation (1.2.23)  

The collection of all   -nbds of     denoted by       . In particular, we 

denote the collection of all   -nbds of a point     by       .  
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[11] 

 

Proposition (1.2.24) [22] 

Let         be a topological spaces and     with    .  Then: 

i.          and     for any         .  

ii.  If          and    , then         .  

iii. If            , then            . 

 

Theorem (1.2.25)  

Let         be a topological space and    . Then   is a   -open set if and 

only if it is a   -nbd of all its points. 

Proof:  

Let   be a a   -open set of  . Then by Definition (1.2.22), it follows that   is 

a   -nbd of   for every    .  

Conversely, assume that          for every    . Then there exists a   -

open set   of   such that      . This implies that  { }         

and hence   is a   -open set of  . 

  

Definition (1.2.26) [14]  

Let         be a topological space and     with    . Then   is said to be 

a   -boundary point of  , if        and        for every   -nbd   of 

 . The set of all   -boundary points of   is denoted by        . 

 
Proposition (1.2.27) [14]  

Let         be a topological space and    .  Then: 

i.                        
  .  

ii.         
           .  

iii.                  .  

iv.                  .  
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[12] 

 

Definition (1.2.28) [16]  

Let         be a subspace of a topological space        . Then     is said 

to be a   -open set of Y, if     ,   is  -open set of    then              , 

where             is a   -closure of   in          

 

Theorem (1.2.29) [16]  

Let         be a topological space and      . Then              

              for any    , such that Y is a   -open set in  . 

 

Theorem (1.2.30)  

Let         be a topological space and      . Then: 

i.  For any    , then     is   -open set of Y, where   is an   -open set of  

 . 

ii. For any    , then     is   -closed set of  Y, where   is an   -closed 

set of   . 

Proof:  

i. Since   is an   -open set of  . By using Theorem (1.2.19.ii), it follows that 

              . By using Theorem (1.2.29), it follows that: 

                          ; 

and hence                . Since, 

             {                              }. 

Consequently, by using (1.2.19.ii), it follows     is a   -open set of   . The 

proof of (ii) deduced directly from by the same way. 
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§ (1.3) Certain types of    -mappings:  

      In this section, the researcher reviews the definition of   -continuous 

mappings studied along with certain types of mappings such as of   -

irresolute continuous of   - open and of   -closed mappings these types have 

been established and justified by giving relevant illustrative remarks and 

propositions about this concept. 

 

Definition (1.3.1) [15]  

Let         and         be two topological spaces. A mapping           

         is said to be: 

i.    -continuous mapping, if         is   -open set in   for every open set   

in  . 

ii.   -irresolute continuous (   -continuous) mapping, if         is   -open 

set in   for every   -open set   in  . 

  

Remark (1.3.2) [15]   

Composition of two    -continuous mappings is also    -continuous mapping. 

 

Theorem (1.3.3) [22] 

A mapping                    is    -continuous if and only if        is 

  -closed set in   for every   -closed set   in   

 

Theorem (1.3.4) 

Let                   be a    -continuous mapping and   be a   -closed 

set in  . Then                     is    -continuous. 

Proof: 

Let   be a   -closed set in  . From a    -continuity of   and by using 

Theorem (1.3.3), it follows that        is a   -closed set in  . Consequently, 
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by using Theorem (1.2.30.ii),          is a   -closed set in        . Now, 

by using Theorem (1.3.3) again, we have     is a    -continuous mapping. 

  

Definition (1.3.5) [16]  

Let         and         be two topological spaces. A mapping           

        is said to be: 

i.    -irresolute open (   -open) mapping, if       is   -open set in   for 

every   -open set   in  . 

ii.    -irresolute closed (   -closed) mapping, if       is   -closed set in   for 

every   -closed set   in  . 

 

Theorem (1.3.6) [16]  

A mapping                   is a   -open mapping if and only if 

                        , for all      

 
Remark (1.3.7) [16]  

The composition of two    -open mappings is    -open. 

 

Theorem (1.3.8) [16]  

A mapping                   is a    -closed mapping if and only if 

                      , for all      

 

Remark (1.3.9) [16] 

The composition of two    -closed mappings is    -closed. 
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Theorem (1.3.10) [16]  

Let                   and                  be two mappings, where 

        and         satisfy conduct union.   

i.    If     is a    -closed and   is a    -continuous mapping onto mapping, 

then    is a    -closed mapping. 

ii.  If     is a    -closed and   is a    -continuous mapping one to one 

mapping, then    is a    -closed mapping. 

 

Definition (1.3.11) [16] 

 Let         and         be two topological spaces. A mapping           

        is said to be a    -irresolute homeomorphism (   -homeomorphism) 

mapping, if:   

i.    is a bijective . 

ii.   is a    -continuous. 

iii.   is a    -closed (   -open). 

 

Theorem (1.3.12) [16] 

Let                   be a bijective mapping.  The following statements 

are equivalent: 

i.   is a     -homeomorphism. 

ii.                       , for all    . 
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§ (1.4) Some types of  topologies via   -open sets:  

    This section is devoted to these types of topological spaces which are 

mentioned before such as   -   space,     -regular space,   -normal space and 

  -paracompact space. 

 

Definition (1.4.1) [16]  

Let         be a topological space. Then    is said to be: 

i.     -   space, if for each     in   there exists a   -open sets   and   in 

  such that      ,      and     ,    .  

ii.    -   space, if for each     in   there exists disjoint a   -open sets   

and   in   such that           .  

   

Theorem (1.4.2) [16]  

Let         be a topological space. Then         is   -   space if and only if 

{ } is   -closed for every    . 

 

Theorem (1.4.3) [16]  

Let         be a topological space. If         is a   -   space, then every cl-

open subspace of   is also   -   space. 

 

Theorem (1.4.4) [16]  

Let                   be a one to one and   -continuous mapping.  

i.  If         is a   -   space, then         is also. 

ii. If         is a   -   space, then         is also. 

 

Theorem (1.4.5) [16]  

Let                   be a bijective and    -open mapping. If         is a 

  -   space, then         is also. 
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Definition (1.4.6) [20]  

Let         be a topological space. Then    is said to be a     -regular space if 

for each     in   and     -closed subset such that     there exists disjoint 

  -open sets   and    such that      and    .   

 

Theorem (1.4.7) [20]  

Let         be a topological space. Then    is an     -regular space if and only 

if for each     and for each   -open set   of   with     there exists an   -

open set   of   such that               . 

Definition (1.4.8) [16] 

   Let         be a topological space. Then    is said to be a   -regular space if 

for each     in   and   closed subset such that     there exists disjoint 

  -open sets   and    such that      and    .   

 

Theorem (1.4.9) [16]  

Let         be a topological space. Then         is a   -regular space if and 

only if for every     and for each open set   of   with     there is a   -

open set   of   such that               .   

 

Definition (1.4.10) [22]  

Let         be a topological space. Then    is said to be a    -regular space if 

for each     in   and     -closed subset such that     there exists sets   

and  , where   open and     -open with      and    .   

In [16], Othman M., recall that, a mapping                     is a  

   -homeomorphism, if:   

i.    is a bijective . 

ii.   is a   -continuous. 

iii.   is a   -closed (  -open). 
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Theorem (1.4.11) [16]  

Let                   be a   -homeomorphism. If          is a regular 

space, then         is a     -regular. 

 

Definition (1.4.12) [16, 22]  

A topological space         is said to be: 

i.     -normal space, if for any two closed sets    and    in   with       

  there exists two   -open sets    and    in   such that        and 

      and        . 

ii.     -normal space, if for any two   -closed sets    and    in   with 

        there exists two   -open sets    and    in   such that  

      and       and        . 

iii.    -normal space, if for any two   -closed sets    and    in   with 

        there exists two open sets    and    in   such that        and 

      and        . 

 

Theorem (1.4.13) [22] 

Let         be a topological space. Then         is     -normal space if and 

only if for every   -closed set   of   and for each   -open set   of    with 

   , there exists a   -open set   with               . 

 

Theorem (1.4.14) [16] 

If         is a     -normal and   -   space, then it is a     -regular space. 

 

Definition (1.4.15) [17]  

A family  {      } of subsets of a topological space         is said to be 

point-finite, if for each point   of    the set {        } is finite.  
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A  family  {      } of subsets of a topological space         is said to be 

a locally finite, if for each     there exists        with {    

      } is finite. 

 

Definition (1.4.16) [16]  

The  family  {      }  of  subsets  of  a                is said to be a   -

locally finite, if for each point     there exists          such that 

{          } is finite.  

 

Theorem (1.4.17) [16]  

Let         be a topological space and {      } be a   -locally finite. 

Then  {            } is a   -locally finite. 

 

Theorem (1.4.18) [16]  

Let {      } be a   -locally finite,   -closed family of a topological space 

       . Then                          .  

 

Definition (1.4.19) [17]  

A covering of a topological space         is a family {      } of subsets 

of   such that         . If each    open sets, then {      } is said 

to be open covering. Also, if each    closed sets, then {      } is said to 

be closed covering.   

 
Definition (1.4.20) [17]  

A covering {      } is said to be refinement of a covering {      }, 

if for each    , there exists some   in   such that       . 

 

Theorem (1.4.21) [16]  

Let {      } be a family of subsets of a topological space         satisfy 

conduct union and let {      } be a   -locally finite,   -closed covering of 
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  such that for each    , the set {           } is finite. Then there 

exists a   -locally finite family {      } of   -open sets of   such that 

       for each    . 

 

Theorem (1.4.22) [16]  

If every open cover of a topological space         has a   -locally finite,   -

closed refinement, then every cover of   has a   -locally finite,   -open 

refinement. 

Theorem (1.4.23) [16]  

If each finite open covering of a topological space         has a   -locally 

finite   -closed refinement, then         is   -normal space. 

 

Definition (1.4.24) [16]  

A topological space         is said to be a   -paracompact, if each   -open 

cover of   has a   -locally finite   -open refinement. 

 

Definition (1.4.25) [22]  

A topological space         is said to be a   -Lindelof, if each   -open cover of 

  has a countable subcover. 

Remark (1.4.26) [22]  

Every finite topological space         is   -Lindelof, where        . 
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§ (2.1) Families of   -mappings and their properties: 

    In our work. The set of points of a topological space         at a mapping 

                  is 𝔰𝔣-interior investigated in our work, which this set is 

non-empty and 𝔰𝔣-open sets. 

  

Definition (2.1.1)  

Let         and        be two topological spaces. A mapping            

          is said to be 𝔰𝔣-interior at a point     , if for every 𝔰𝔣-open set   of    

containing   , the point       is an 𝔰𝔣-interior of     .  

 

Notation (2.1.2)  

The set of all points of   at which   is a 𝔰𝔣-interior is denoted by    𝔰𝔣    and 

denoted by    𝔰𝔣                𝔰𝔣                . 

 

Remark (2.1.3)  

A point      is in    𝔰𝔣    provided that for every its 𝔰𝔣-open nbd   in  , we 

have          𝔰𝔣      . That means, there exists a 𝔰𝔣-open set   containing 

      in   such that       . 

 

Example (2.1.4)  

i.  Let            with               and                as a topologies 

on   and   respectively. The set of all 𝔰𝔣-open sets of   is the set             

and the set of all 𝔰𝔣-open sets of   is the set            .  

A mapping                    , which is defined by        and        

is a 𝔰𝔣-interior at a points  . Since for every 𝔰𝔣-open set   of    containing a 

point     , the point       is a 𝔰𝔣-interior of     .  

ii. Let               with        and                 as a topological 

space  on   and   respectively. The set of all 𝔰𝔣-open sets of   is the set 

               .  
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A mapping           (    ), defined by        for all     is not 𝔰𝔣-

interior at  . Since      is not 𝔰𝔣-interior point of a set           .  

 

Remark (2.1.5)  

An 𝔰𝔣-interiority of a mapping                   at a point     , neither 

implies nor is implied by 𝔰𝔣-continuity of   at a point     . One can see it by 

the following example. 

 

Example (2.1.6)  

i. Consider Example (2.1.4.i) The mapping                    , is  

𝔰𝔣-continuous and 𝔰𝔣-interior. 

ii. Let            with               ,                  as a topological 

space on   and   respectively. The set of all 𝔰𝔣-open sets of   is the set 

            and the set  of all 𝔰𝔣-open sets  of    is  the set            .  The  

mapping           (    )   such that        and        is not 𝔰𝔣-

continuous and not 𝔰𝔣-interior at a point  . 

iii. Let              with                  , a topology on   and     

The set of all 𝔰𝔣-open sets of         is the set                         a. Then a 

mapping                  , such that        for all     is an 𝔰𝔣-

interior at a point , but it is not 𝔰𝔣- continuous. 

 

    Theorem (2.1.7)  

Let                     be a mapping, where       .  Then   is 𝔰𝔣 -open if 

and only if     𝔰𝔣     . 
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Proof: 

Assume that   be a 𝔰𝔣 -open. Then for every      and for every 𝔰𝔣-open set 

  of    with     , implies that          𝔰𝔣            and hence 

     𝔰𝔣   , but    𝔰𝔣     . Thus    𝔰𝔣     .  

Conversely, suppose that    𝔰𝔣     . Let   be a 𝔰𝔣-open subset of  , from 𝔰𝔣-

interiority of   we have          𝔰𝔣       for every 𝔰𝔣-open set   of    with 

    . Since    𝔰𝔣     , then    𝔰𝔣            and hence   is a 𝔰𝔣 -open. 

 

Remark (2.1.8)  

For any 𝔰𝔣 -homeomorphism mapping           (    )  implies that  

   𝔰𝔣     . 

  

Definition (2.1.9)  

A mapping                    is said to be an 𝔰𝔣-boundary, if for every point 

     and for every 𝔰𝔣-open subset   of    containing   , then    𝔰𝔣      .  

 

Example (2.1.10)  

i.  Consider Example (2.1.6.ii). A mapping           (    )  which is 

defined by        and         is 𝔰𝔣-boundary. 

ii. Let             with              , as a topology on  . Then a mapping 

                   , which is defined by         for all    . Then   

is not 𝔰𝔣-boundary. Since   is a 𝔰𝔣-interior point of    , but             has 

non- empty 𝔰𝔣-interior. 

 

Remark (2.1.11) 

Note that if   is a 𝔰𝔣-open set containing a point   as in Definition (2.1.9), then for 

every 𝔰𝔣-open subset   of  , we have    𝔰𝔣      . 
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Notation (2.1.12)  

The set of all points of   at which   is a 𝔰𝔣-boundary is denoted by   𝔰𝔣   ,and 

  𝔰𝔣                𝔰𝔣                . 

  

Remark (2.1.13) 

For any 𝔰𝔣 -closed mapping           (    )  implies that    𝔰𝔣     . 

 

Theorem (2.1.14)  

Let                     be a mapping. Then   𝔰𝔣    is 𝔰𝔣-open set of  . 

Proof: 

The proof is deduced using Theorem (1.2.19.ii), it follows that: 

   𝔰𝔣   𝔰𝔣    ⋃    𝔰𝔣    𝔰𝔣        ⋃    𝔰𝔣          . 

Consequently, we have   𝔰𝔣    is 𝔰𝔣-open set of  . 

 

Remark (2.1.15) 

For any point      𝔰𝔣    that is     𝔰𝔣   . Since      𝔰𝔣      it has no 𝔰𝔣-

open set   of   containing a point   whose      is a 𝔰𝔣-boundary set of  . That 

is,    𝔰𝔣      .   

 

Definition (2.1.16) [22] 

 Let          be a topological space and    . Then   is said to be a 𝔰𝔣- dense 

subset, if    𝔰𝔣       and denoted by (𝔰𝔣-  𝔰).  

 

Example (2.1.17)  

Let            with               . Then a 𝔰𝔣-open subsets of   are 

              and       . Also, a 𝔰𝔣-closed subsets of   are                  and 

      . Then        is 𝔰𝔣-  𝔰 subset of  , but        is not 𝔰𝔣-  𝔰 subset of  .  
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Theorem (2.1.18) [22] 

Let          be a topological space and    . Then   is 𝔰𝔣-  𝔰 subset of   if 

and only if        for every 𝔰𝔣-open set   of   . 

 

Theorem (2.1.19)  

Let          be a topological space. If       such that   is a 𝔰𝔣-  𝔰 subset of 

  and   is a 𝔰𝔣-  𝔰 subset of  , then   is a 𝔰𝔣-  𝔰 subset of   . 

Proof:  

Let   be a 𝔰𝔣-  𝔰 subset of  , and   be a 𝔰𝔣-  𝔰 subset of  . By using 

Definitions (2.1.16), it follows that   𝔰𝔣      and   𝔰𝔣     . Also, by using 

Proposition (1.2.8.iv), we have   𝔰𝔣      𝔰𝔣   𝔰𝔣       𝔰𝔣      and hence 

  is a 𝔰𝔣-  𝔰 subset of   . 

 

Definition (2.1.20)  

Let          be a topological space  and    . Then   is said to be a 𝔰𝔣-nowhere 

dense subset, if     𝔰𝔣   𝔰𝔣      . In other words,   is 𝔰𝔣-nowhere dense subset, 

if    , where   is a 𝔰𝔣-closed, then    𝔰𝔣      and denoted by (𝔰𝔣-   ).  

 

Example (2.1.21)  

Let            with              . It is clear that a 𝔰𝔣-open subsets of   are 

              and       . Also, a 𝔰𝔣-closed subsets of   are                  and 

       . Then        is 𝔰𝔣-    subset of   and     is not 𝔰𝔣-    subset of  .  

 

Definition (2.1.22) [22] 

Let          be a topological space and    . Then   is said to be a 𝔰𝔣-

somewhere dense subset, if    𝔰𝔣        and denoted by (𝔰𝔣-𝔰  ).  
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Example (2.1.23)  

Let            with               , that was mentioned in Example (2.1.17). 

Also, a 𝔰𝔣-closed subsets of   is                          . Then        is 𝔰𝔣-𝔰   

subset of   and     is not 𝔰𝔣-𝔰   subset of  . 

 

Definition (2.1.24) 

A mapping                    is said to be a 𝔰𝔣-somewhere dense, if for every 

point     , there exists a 𝔰𝔣-open set   of   containing   , such that, the image 

     has non-empty 𝔰𝔣-interior. 

 

Example (2.1.25)  

i. Let            with               and the set of all 𝔰𝔣-open sets of   is 

                         . Let                     be a mapping such that 

       for all    . Then   is a 𝔰𝔣- somewhere dense. 

ii. With the same topology defined in (i). A mapping                    , 

such that        for all    . Then   is not 𝔰𝔣-somewhere dense. 

 

Notation (2.1.26)  

The set of all points of   at which   is a 𝔰𝔣-somewhere dense and denote this set 

by is 𝔰𝔣-𝔰   subset 𝔰  𝔰𝔣   : 

𝔰  𝔰𝔣                𝔰𝔣                       . 

 

Theorem (2.1.27) 

For any mapping           (    )   Then: 

i. The sets    𝔰𝔣   ,    𝔰𝔣    and 𝔰  𝔰𝔣    are pairwise disjoint. 

ii.    𝔰𝔣   ⋃  𝔰𝔣   ⋃𝔰  𝔰𝔣     . 
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Proof: 

i. Firstly to show that    𝔰𝔣      𝔰𝔣     . If      𝔰𝔣      𝔰𝔣   , that 

means      𝔰𝔣    and     𝔰𝔣   . By using Definition (2.1.1), we have the 

point      is a 𝔰𝔣-interior of      for every 𝔰𝔣-open set   of    containing  , 

i.e.    𝔰𝔣        . Now, since     𝔰𝔣   , and from Definition (2.1.9), it 

follows that    𝔰𝔣       for every 𝔰𝔣-open set   of    containing  , this 

contradicts our assumption. Secondly, to show that   𝔰𝔣    𝔰  𝔰𝔣     . 

Assume that     𝔰𝔣    𝔰  𝔰𝔣   . Then    𝔰𝔣       for every 𝔰𝔣-open set 

  of    containing  , but from definition (2.1.24), we have with    𝔰𝔣       

which is a contradiction. Thus   𝔰𝔣    𝔰  𝔰𝔣     .  

ii. We can get it directly from the complement of sets in (i). 

 

Remark (2.1.28) 

For any mapping           (    )  Then a subsets    𝔰𝔣   ,   𝔰𝔣    and 

𝔰  𝔰𝔣    forms a partition of  . 

 

Theorem (2.1.29)  

Let                    be a mapping and     such that       . Then 

   𝔰𝔣           𝔰𝔣   , where     is a restriction of   on   with a relative 

topology. 

Proof: 

Let      𝔰𝔣     . Then from Definition (2.1.1), for every 𝔰𝔣-open set   of   

containing   , the point         is a 𝔰𝔣-interior of       . Since       , then 

        , for every 𝔰𝔣-open subset   of   containing   , the point       is a 

𝔰𝔣- interior of       . Consequently, by using Theorem (1.2.29), we have 

   𝔰𝔣           𝔰𝔣   . 

 

 



Chapter two …...………Some types of function and extension of topologies via 𝔰𝔣-open sets  

 

[17] 

 

Theorem (2.1.30)  

Let                    be a mapping. If   be an 𝔰𝔣-open set of   such that 

      , then    𝔰𝔣           𝔰𝔣   , where     is a restriction of    on    

with a relative topology. 

Proof: 

By following the same technique of proof in Theorem (2.1.7) and Theorem 

(2.1.29), we get desired. 

 

Example (2.1.31)  

Consider Example (2.1.6.ii), let      . A mapping                   . 

Then    𝔰𝔣(   )       𝔰𝔣   , where     is a restriction of   on   with a 

relative topology. 
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§ (2.2) Characterizations of   -simple extension of topologies: 

    In this section, we investigate some results concerning 𝔰𝔣-simple extension of 

topological spaces.  

 

Definition (2.2.1)  

Let         be a topological space and    . Then:  

       ⋃                  𝔰𝔣                   

is said to be a 𝔰𝔣-simple extension of   𝔰𝔣. 

 

Example (2.2.2)  

Let                                  . Then  𝔰𝔣                       .  

Choose a set      . Then                              .  

 

Remark (2.2.3) 

Let          be a topological space and     and      be  a 𝔰𝔣-simple extension 

of   𝔰𝔣. Then: 

i.   𝔰𝔣      .  

ii.      forms a topology on  .  

 

Remark (2.2.4)  

A conduct union for          is necessary condition in Definition (2.2.1) to be 

     a topology  on   as the following example shows: 

 

Example (2.2.5)  

Let              with                                 as a topology on  . 

Then                                 is the set of all 𝔰𝔣-open sets of  . It is clear 

that        does not satisfy conduct union.  

Choose a set      . Then                                    is not      as 

a topology on  , since    ⋃        .  
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Notation (2.2.6)  

Let          be a topological space and     and      be a 𝔰𝔣-simple extension 

of  𝔰𝔣. Then: 

i.      𝔰𝔣-open denotes 𝔰𝔣-open with respect to     .  

ii.     𝔰𝔣-closed denotes 𝔰𝔣-closed with respect to     .  

iii.         𝔰𝔣    denotes 𝔰𝔣-interior of   with respect to     .  

iv.        𝔰𝔣    denotes 𝔰𝔣-closure of   with respect to     .  

v.         𝔰𝔣    denotes 𝔰𝔣-nbd of   with respect to     .  

 

Proposition (2.2.7) 

 Let         be a topological space and     and      be  a 𝔰𝔣-simple extension 

of  𝔰𝔣. Then: 

i.    is      𝔰𝔣-open. 

ii.    is      𝔰𝔣-closed. 

Proof: 

i. By using Definition (2.2.1), 

       ⋃                  𝔰𝔣                  ; 

and we take     ,    , it follows that       . Then   is     𝔰𝔣-open set. 

ii. Clearly. 

 

Proposition (2.2.8)  

Let          be a topological space and     and      be a 𝔰𝔣-simple extension 

of  𝔰𝔣. Then: 

i.           .  

ii.             .  

Proof: 

i. From Remark (2.2.3.i), it follows that           . Now, to prove of 

further containment, let         . Then        and    . 
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consequently,     ⋃      for some 𝔰𝔣-open sets   and   of  . But 

    and               𝔰𝔣                 , we have    . Thus 

        , hence             and so be           .  

ii. The same technique of proof as in (i), we get the desired. 

 

Proposition (2.2.9)  

Let         be a topological space and        and      be a 𝔰𝔣-simple 

extension of  𝔰𝔣. Then: 

i.       𝔰𝔣      𝔰𝔣       ⋃      𝔰𝔣       .  

ii.        𝔰𝔣       𝔰𝔣   ⋃    𝔰𝔣       .  

iii.       𝔰𝔣        𝔰𝔣     .  

Proof: 

i. By using Theorem (1.2.20.i), it follows that: 

      𝔰𝔣        𝔰𝔣  
     

                              𝔰𝔣  
  ⋃    𝔰𝔣  

         

                             𝔰𝔣  
          𝔰𝔣          . 

                           𝔰𝔣       ⋃    𝔰𝔣          . 

                           𝔰𝔣       ⋃   𝔰𝔣        . 

                           𝔰𝔣       ⋃   𝔰𝔣        . 

ii. By using Theorem (1.2.20.ii), and from (i) above, we get what is required. 

iii.       𝔰𝔣        𝔰𝔣         ⋃     𝔰𝔣       . By using (ii), it 

follows that       𝔰𝔣        𝔰𝔣     .  
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Remark (2.2.10) 

 Let         be a topological space and     and      be  a 𝔰𝔣-simple extension 

of  𝔰𝔣. A basis of      on   is the family       ⋃  .  

 

Theorem (2.2.11)  

Let         be a topological space  and     and      be  a 𝔰𝔣-simple extension 

of  𝔰𝔣. Then   is a 𝔰𝔣-closed set if and only if  it is a     𝔰𝔣-closed. 

Proof: 

By Proposition (2.2.9.i), we take    , it follows that       𝔰𝔣      𝔰𝔣    

and thus         𝔰𝔣    if and only if     𝔰𝔣    .  

 

Theorem (2.2.12)  

Let         be a topological space  and     and      be  a 𝔰𝔣-simple extension 

of  𝔰𝔣. If     and    , then     𝔰𝔣    if and only if         𝔰𝔣   .  

Proof: 

By using Proposition (2.2.9.i), it follows that: 

      𝔰𝔣      𝔰𝔣       ⋃      𝔰𝔣       . Therefore, if          𝔰𝔣   , 

then     𝔰𝔣   , because     𝔰𝔣       ⋃      𝔰𝔣       . Also, By using 

Remark (2.2.3.i) and Theorem (1.2.9.i), we get what is required. 

 

Theorem (2.2.13)  

Let         be a topological space  and       . Then           if and only 

if: 

i.      𝔰𝔣         𝔰𝔣   .    

ii.   𝔰𝔣             𝔰𝔣       𝔰𝔣             𝔰𝔣      . 
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Proof: 

Assume that (i) and (ii) are verified. Now, to show that          . We suppose 

first     . Then          . By using Proposition (2.2.9.ii), it follows that: 

            𝔰𝔣    ⋃           for every 𝔰𝔣-open set   of  . 

Thus          . Moreover,          . By using Theorem (1.2.16), and for 

every 𝔰𝔣-open set   of  , we have: 

             𝔰𝔣    ⋃         𝔰𝔣     

       𝔰𝔣            𝔰𝔣    ⋃          𝔰𝔣           𝔰𝔣     

                           𝔰𝔣               .    

In general case, let      ; we have: 

     𝔰𝔣              𝔰𝔣       𝔰𝔣     . 

                                 𝔰𝔣      ⋃         𝔰𝔣      . 

                                 𝔰𝔣    ⋃         𝔰𝔣    .  

                              𝔰𝔣    . 

  𝔰𝔣            𝔰𝔣       𝔰𝔣      ⋃           𝔰𝔣    . 

                         𝔰𝔣      ⋃              𝔰𝔣    . 

         𝔰𝔣            𝔰𝔣      . 

Similarly,   𝔰𝔣            𝔰𝔣      , follows that               . 

Conversely, suppose that           . Let        𝔰𝔣   .  

If     and    ⋃      𝔰𝔣           , where   and   𝔰𝔣         are 

𝔰𝔣-open sets of  , then       and      𝔰𝔣   , a contradiction.  

If      𝔰𝔣    and      ,         , then we have: 

         𝔰𝔣         𝔰𝔣     ⋃    𝔰𝔣         . 
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                           𝔰𝔣          𝔰𝔣           𝔰𝔣     . 

Then       𝔰𝔣            such that         𝔰𝔣        ; but from 

          𝔰𝔣           𝔰𝔣        , follows that      𝔰𝔣   , a 

contradiction again. Then      𝔰𝔣         𝔰𝔣    is provide; similarly,  the 

converse is shown to hold,  so      𝔰𝔣         𝔰𝔣   . Finally, we prove that 

  𝔰𝔣             𝔰𝔣       𝔰𝔣             𝔰𝔣      . Suppose that 

  𝔰𝔣             𝔰𝔣      . That is     𝔰𝔣             𝔰𝔣     and 

     ; then for every 𝔰𝔣-open set    ⋃      𝔰𝔣            in      

such that     and we have          . On the other hand, a 𝔰𝔣-open set 

    in      with              . Consequently,       for each   

in     , which contradicts the assumption           and hence   𝔰𝔣   

          𝔰𝔣      . 

 

Corollary (2.2.14)  

Let         be a topological space and        such that    𝔰𝔣       𝔰𝔣    

 . Then           if and only if     . 

Proof: 

Assume that           and        . Then    ⋃     , where   and   

are 𝔰𝔣-open sets of  . Thus: 

   𝔰𝔣   ⋃   𝔰𝔣(      𝔰𝔣             )     𝔰𝔣     ; 

and hence      𝔰𝔣     . Therefore,    . Similarly,    .  

Conversely, can be obtained easily. 
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Corollary (2.2.15)  

Let          be a topological space  and       . If         , where   be a 𝔰𝔣-

closed set of   and         𝔰𝔣      , then          . 

Proof: 

The conditions of Theorem (2.2.13) are easily shown to be true: 

     𝔰𝔣             𝔰𝔣          

                                    𝔰𝔣     ⋃   

                                                 𝔰𝔣      ⋃         

             𝔰𝔣        

                                                                𝔰𝔣   . 

Therefore,       hence   𝔰𝔣             𝔰𝔣             𝔰𝔣      . 

 

Corollary (2.2.16)  

Let          be a topological space  and       . If      ⋃  , where   be a 𝔰𝔣-

open set of   and   𝔰𝔣           𝔰𝔣      , then          . 

Proof: 

As    𝔰𝔣       𝔰𝔣    ⋃  , we have: 

       𝔰𝔣        ⋃   ⋃    𝔰𝔣   ⋃    

                                                                    𝔰𝔣         ⋃      𝔰𝔣        

                  𝔰𝔣        

          𝔰𝔣    . 

Furthermore we have trivially    𝔰𝔣             𝔰𝔣       and it follows 

from      , that   𝔰𝔣             𝔰𝔣       𝔰𝔣          𝔰𝔣      . 
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Example (2.2.17)  

Let          with a topology        . Then  𝔰𝔣      . It is clear that          

is a 𝔰𝔣-regular topological space and satisfy conduct union. Choose      , we 

have                 is not a 𝔰𝔣-regular.  

 

Theorem (2.2.18) 

 Let         be a 𝔰𝔣  -regular topological space and    be a 𝔰𝔣-closed set of  . Then 

          is a 𝔰𝔣  -regular. 

Proof: 

Assume that         is a 𝔰𝔣-regular. Let     and   be a     closed set in 

          such that    . For some        𝔰𝔣      contains no     𝔰𝔣-closed 

       𝔰𝔣   . Clearly,    . Assume that     and    ⋃      is a 

       𝔰𝔣      and     (note that        is a 𝔰𝔣-regular). Since 

      𝔰𝔣      𝔰𝔣   , due to Proposition (2.2.9.i), then  ⋃      is a 

    𝔰𝔣-closed        𝔰𝔣    such that  ⋃        and thus           is a 

𝔰𝔣-regular at  . 

 

Theorem (2.2.19) 

 Let         be a 𝔰𝔣  -regular topological space and     . Then           is not 

𝔰𝔣  -regular if and only if there exists     such that every 𝔰𝔣-nbd   of  , 

    𝔰𝔣       .  

Proof: 

Assume that         is not 𝔰𝔣  -regular. Then there exists     at which           

is not a 𝔰𝔣  -regular and some        𝔰𝔣      contains no     𝔰𝔣-closed 

       𝔰𝔣   . Clearly,    . Assume that     and    ⋃      is a 

       𝔰𝔣      and     (note that        is a 𝔰𝔣-regular). Since 

      𝔰𝔣      𝔰𝔣   , due to Proposition (2.2.9.i), then  ⋃      is a  
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    𝔰𝔣-closed        𝔰𝔣    such that  ⋃        and thus           is a 

𝔰𝔣  -regular at  . 

Furthermore, if some        𝔰𝔣      such that      𝔰𝔣         , then 

          is a 𝔰𝔣  -regular at  . Let    ⋃      be a        𝔰𝔣    and let    

be a 𝔰𝔣-closed 𝔰𝔣-nbd of   such that      .  

Then       𝔰𝔣        𝔰𝔣          𝔰𝔣    due to Proposition (2.2.9.iii), 

and the fact that   is  a 𝔰𝔣-closed. However     𝔰𝔣        since       

and     𝔰𝔣        . Consequently, we get that: 

      𝔰𝔣                   ,  

and thus           is a 𝔰𝔣  -regular at  , a contradiction. 

Conversely, assume that a condition is holds. Let   be a        𝔰𝔣    such that 

    and assume that there exists   as a     𝔰𝔣-closed        𝔰𝔣    such that 

   . Then         for some 𝔰𝔣-open set   of   and there exists 

       𝔰𝔣       , by hypothesis.  

Hence      𝔰𝔣          𝔰𝔣          𝔰𝔣   , due to Proposition 

(2.2.9.iii), a contradiction, (since       𝔰𝔣       ).  

  

Theorem (2.2.20)  

Let          be a 𝔰𝔣  -regular topological space and     . Then           is a 

𝔰𝔣  -regular if and only if   𝔰𝔣      is a 𝔰𝔣-closed set of  .  

Proof:  

It suffices to show that for each      𝔰𝔣   , there exists a 𝔰𝔣-nbd   of   such 

that    𝔰𝔣       𝔰𝔣   , a fact which follows immediately from Theorems 

(2.2.18) and (2.2.19).  
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Theorem (2.2.21)  

Let          be a 𝔰𝔣  -normal topological space  and   be a 𝔰𝔣-   𝔰 subset of  . If 

          is a 𝔰𝔣  -regular and           is a 𝔰𝔣  -normal subspace, then 

             is 𝔰𝔣  -normal. 

Proof:  

Since   be a 𝔰𝔣-   𝔰 subset of  , then   𝔰𝔣        . Thus, by Theorem 

(2.2.20), it  follows that    is a 𝔰𝔣-closed set of  . Also, by using Theorems 

(1.2.30.ii) and (1.4.12), we have              is 𝔰𝔣  -normal.   

 

Theorem (2.2.22)  

Let          be a 𝔰𝔣-paracompact topological space and     . If    is a 𝔰𝔣-

paracopact subspace of  , then           is a 𝔰𝔣-paracompact. 

Proof: 

Assume that         be a 𝔰𝔣-paracompact. Let   be an     𝔰𝔣-open cover of  . 

Also, assume that for each     𝔰𝔣    there exists       such that     and 

     . For each     there exists     such that       and for each 

    𝔰𝔣      there exists       such that    . Let, 

                    𝔰𝔣       . 

Since   𝔰𝔣      is a 𝔰𝔣-closed set of   and by using Theorem (2.2.20), there 

exists a 𝔰𝔣-locally finite (and thus a     𝔰𝔣-locally finite) family    of 𝔰𝔣-open 

subsets of    which 𝔰𝔣-covers  𝔰𝔣      and refines  . We simply observe that: 

 ⋃       𝔰𝔣       is an 𝔰𝔣-open cover of  . By using Definition (1.4.23), it 

follows that  ⋃       𝔰𝔣       has a 𝔰𝔣-locally finite which is a 𝔰𝔣-open 

refinement   . Assume that               𝔰𝔣        .  

Let    ⋃   . Since         ⋃ 𝔰𝔣          𝔰𝔣       is a 𝔰𝔣-closed 

subset of  , where   𝔰𝔣        . Let,  

                             . 
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Then we can also find a 𝔰𝔣-locally finite family    of a 𝔰𝔣-open sets of   which 

covers       and refines  . Hence                is  a     𝔰𝔣-locally 

finite family of     𝔰𝔣-open sets of  , which refines: 

                   . 

 Finally, let,  

                     ⋃               . 

Clearly,   𝔰𝔣   ⋃     ⋃  and hence   covers       ⋃  .  

Since       ⋃   is a 𝔰𝔣-closed of          , where       ⋃        , 

then there exists a 𝔰𝔣-locally finite family    of 𝔰𝔣-open sets of          which 

covers       ⋃   and refines  . Since    is a     𝔰𝔣-closed set of  , then    is 

also     𝔰𝔣-locally finite. It is now easily seen that       ⋃  ⋃   is an 

    𝔰𝔣-locally finite     𝔰𝔣-open refinement of  . Thus           is a 𝔰𝔣-

paracompact.  
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Concerning 𝔰𝔣-perfectly normal 

spaces 
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§ (3.1) Some results about a   -zero sets: 

     In this section, a new class of a   -open sets (namely,   -zero sets) in a 

topological space         is discussed. Also, we continue the study of a    -

normal spaces and we give some results. 

 

In [17], Pears A., recall that, a subset   of a topological space         , is a zero 

set of  , if  there exists a continuous mapping            such that 

                . The complement of zero set is said to be a cozero 

set. 

Also, in [9,10] Govindappa N., if            is continuous mapping, 

may be      . Thus, we write                      is a zero set of  . 

Therefore, it is clear that, if   is a zero set in  , then it can be expressed as 

      , where   is continuous mapping.  

 

Definition (3.1.1)  

Let        be a topological space. A subset of    is said to be a    zero set and 

denoted by         of  , if there exists a    -continuous mapping   

         such that: 

                       . 

The complement of a    zero set is a     cozero set.  

 

Notations (3.1.2)  

i. The family of all          (complement of        ,          ) sets 

of a topological space        denoted by         (resp.          ).  

ii.         is an indicated by         . 
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Proposition (3.1.3)  

Let        be a topological space. Then: 

i.  Any       set is   -open set of    .  

ii. Any        set is   -closed set of   .  

Proof: 

i.  Let   be a      set of  . By using Definition (3.1.1), there exists a    -

continuous mapping            such that: 

                         . 

 

 Since     is a closed set in   with usual topology (since the complement of 

    is open set in  ), then by using Remark (1.2.2.i), it follows that     is a   -
open set in  . Now from a    -continuity of  , we have          is a   -open 

set of  . But            . Therefore,   is a   -open set of   .  

ii. Since the complement of a      set is a     co-zero set and from (i), it 

follows that a        is   -closed.  

  

Remark (3.1.4) 

The converse of (i) and (ii) of Proposition (3.1.3) is not true in general as the 

following example shows: 

 

Example (3.1.5) 

Consider the following topological space on  , for each number   take as a nbd 

basis of   the family of all sets of the form                  ,    . 

It is clear that: 

    (           )                    . 

There exists a    -continuous mapping            which is defined by: 

       for all     . 

Then a family of a      (respectively, a     co-zero) sets of   is       , and 

             (           )
 
 is a   -open set of  , but not      set. 
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Proposition (3.1.6)  

Let        be a topological space. Then: 

i.  Any finite union of a      sets is      set.  

ii. Any finite intersection of a      sets is      set.  

 

Proof: 

i. Let    and    be two a      sets of  .  

Then there exists a    -continuous mappings                such that 

                   and                  . To show that 

      is a      set of   we prove that                         . 

Let                  . Then either        or       . If       , 

then                   , so           .  

We must have                         . With the same technique, 

we show that                          and with this, the proof has 

been completed. 

ii. It enough to show that                         ; such that: 

                . 
 

Proposition (3.1.7)  

Let        be a topological space. Then countable intersection of a      sets 

is also      set of   . 

Proof:  

Let         be a sequence of a     continuous mappings             

such that            
        for all    .   

To show that              is a      set. Claim that          

     . Let         for all    . Since          is a      set for all 

   , it follows that      
        for all    , and hence,   

   
          . Thus              is a      set.  
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Remark (3.1.8) 

 We can use technique to prove Proposition (3.1.7) by using technique in proof  

of Proposition (3.1.3.i).   

 

Remark (3.1.9)  

Let        be a topological space. Then the countable union of a      sets 

need not to be a      set of    as the following example shows: 

 

Example (3.1.10)  

Let us take    , define a basis   for   on   by          ; where 

  {
                            

                     
, it is clear that     is a   -open set (since every 

closed set is   -open set), but it is not      set of  , (since there is no a    -

continuous mapping            such that             ). Then  for 

       in  , we have              .  

If          and             for all    , then                 is a   -

open set which is a contradiction.  

Let       , where         are      sets. Since  

     {
         

             
is a    -continuous mapping. Moreover,             is not 

     set, (since the complement             is     which is a   -open set).  

 

Definition (3.1.11)  

A topological space        is said to be a     -Lindelof, if each     -sets 

cover of   has a countable subcover. 

 

Example (3.1.12)  

i.  Any countable set   with      is a     -Lindelof, (since each     -sets 

cover of   has a countable subcover). 

 



 

[00] 

 

 

ii. A topological space        in Example (3.1.10) is not     -Lindelof, 

(since each     -sets cover of   has no a countable sub cover). 

  

Theorem (3.1.13)  

A topological space        is     -Lindelof if and only if for every the family 

         of       -sets of   has a countable intersection property, 

        . 

Proof: 

Assume that        is a     -Lindelof and suppose that          be a 

family of        sets of   with countable intersection property such that 

        . Let us consider a      set         , the family           

is a     -sets cover of   by a      sets of   . Since   be a     -Lindelof, 

then          has a countable subcover     
      . Therefore, 

       
              

              
     . 

Thus      
         and hence the family          with countable 

intersection property,         . 

Conversely, let          be a     -sets of    and suppose that for every 

family          of        sets of   has a  

 

countable intersection property,         . Then            . This 

implies that:  

                   , 

 

where              is a family of        sets of   has empty 

intersection. There exists a countable subset        
      with         

 

       and hence            
             

     . Thus,   is 

a     -Lindelof.  
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Definition (3.1.14)  

A subset   of a topological space        is said to be a     -Lindelof relative 

to  , if every   -zero sets cover of   has a countable subcover. 

 

Remark (3.1.15)  

A     -Lindelof relative to  , has a   -zero sets cover of the form       

    , where          is a   -zero sets cover. 

 

Theorem (3.1.16)  

Every        sets of a     -Lindelof topological space        is a     -

Lindelof relative to  . 

Proof: 

Let   be a        set of a     -Lindelof topological space       . Let 

         be a     -sets cover of  . Since    is a      set of   and   is 

a     -Lindelof and by using Theorem (3.1.13), every family          of 

       sets of   has a countable intersection property,         .  

Also, by using Proposition (3.1.6.ii), it follows that              . If 

        , it contradicts with a     -Lindelof property of  . Thus   is a 

    -Lindelof relative to  . 

 

Definition (3.1.17)  

A mapping                  is said to be     -continuous mapping, if 

for each     and each      set   of    with        , there exists a      

set   of   with     such that       .  

 

Example (3.1.18)  

Given a mapping                   , which is defined by        for all 

   , where        as mentioned in Example (3.1.10). Then   is a     -

continuous mapping.  
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Theorem (3.1.19)  

Let                  be a     -continuous and onto mapping. If        

is a     -Lindelof, then         is also. 

 

Proof: 

Let          be a     -cover of    by a      sets of   . For each    , 

there exists        such that           . Since   is a     -continuous, 

there exists a      set       of   with         such that               . 

Thus             is a      cover of a     -Lindelof    by a     -sets 

of   . From Definition (3.1.14), there exists a countable subset             

of   such that                 .  

Therefore,  

        (             )    (      )                    . 

This shows that         is a     -Lindelof. 
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§ (3.2) Some properties of   -perfectly normal spaces: 

In this section, the researcher introduces and studies new types of topological 

space by using  a      sets and the concept of a    -continuous mappings 

along with other results. Also, offer several examples and characterization of 

their basic properties. 

 

Definition (3.2.1) 

 Let        be a topological space. Then        is said to be a   -perfectly 

normal space (for short       ), if for each    -closed subset of    is a      

set. 

 

Remark (3.2.2)  

i.   For  any        set   of  a topological space       , there exists a    -

continuous mapping             with        for all    . If     

       , we can take      .  

ii. There exists a    -continuous mapping                 such that 

         , for we can take                    for all    .  

 

Theorem (3.2.3) 

Let        be a topological space. Then for any two      sets    and    in   

with         there exists two        sets    and    in   such that 

         with        and      . 

Proof:  

Let            and           . Since        , it follows that: 

            for all    . 

Thus we can define                 by      
    

         
 for all    . 

Then: 
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     {
       

        
. 

Let                
 

 
   and                

 

 
  . It is clear that 

   and    are two        sets in  . Then there exists two        sets    

and    in   such that       and      . 

  

Theorem (3.2.4) 

Let        be a       . Then        satisfies the following two 

requirements: 
i.         is a       . 
ii. For any    closed subset   of    can be expressed as the countable 

intersection of a    open sets of   .  

Proof:  

i. Assume that        is a       . Firstly, we must prove that        is a 

     . Let    and    be two    closed  sets of     such that        . 

From Definition (3.2.1), it follows that    and    are two      sets of  .  

Now, from Proposition  (3.1.3.i), it follows that    and    are two     open 

sets. Thus the proof is complete. The proof of the (ii) is deduced directly from 

Definition (3.2.1). 

 

Remark (3.2.5) 

The converse (i) of Theorem (3.2.4) is not true in general as the following 

example shows: 
Let     be the set of all integer numbers with                 as a 

topology on  . The set of all   -open sets in   is               and also, The 

set of all  
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  -open sets in   is              . Then        is a       . But        it is 

not       , since it is not admits a    -continuous mapping. 

  

Remark (3.2.6) 
 

A        is not hereditary property, as  the following example shows:  

Let us take     with usual topology   . Then         is a        . But   

with the relative topology of         is not       .  

 

Theorem (3.2.7) 

 In a                any   -closed and      set of    is       .  

Proof:  

Let        be a         and     be a   -closed set of  , hence it is a      

set of  . To show that        is a       . By using Theorem (1.2.30.ii), it 

follows that     is   -closed set of   , for every   -closed set   of  . Since   

is a   -closed set of  , it follows that     is a   -closed set of  . Since        

be a       , then,     is a      set of   .  

Also, from Proposition (3.1.6.ii), guarantee us             is       

set of   . Therefore, by using Definition (3.2.1), we have (     ) is a    

   .  

  
Theorem (3.2.8) 

Let        be a topological space. Then        is       if and only if for 

every   -closed set and is       set   of   and for each   -open set   of    

such that    , there exists a   -open set  ,               . 

Proof:  

Let    be a   -closed set of    and   be a   -open set of   with    . Then   

and    are two   -closed sets of    such that       . From   -normality of  
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 , it follows that, there exists two   -open sets   and   of   with     , 

     and      . Therefore, 

                   
       . 

 

 

Conversely, Let    and    be two   -closed sets of    with        . Then 

  
  is a    -open set of    and      

 . From the hypothesis above, we have 

there exists there exists a   -open set   such that                 
 . 

Then      and              , where   and            are a   -open set of  

  with               . Thus         is a      . 

   

Theorem (3.2.9)   

Let        be a topological space. Then        is a        if and only if for 

every two   -closed subsets    and    of    with          can be separated 

by a    -continuous mapping                 . 
Proof:  

Let        be a        and    and     be two   -closed subsets of   with 

       . Let 
                                                               . 

Suppose that     { 
             
            

.  

Let         . Then       and hence by using Theorem (3.2.7), there 

exists a   -open set    such that                  .  

Now, let                                 . It is clear that 

     and     . For all    , define a    open set    
 by taking the 

largest    and the smallest    such that        and          .  Then, by 

using Theorem (3.2.7), we obtain a   -open set    
 such that             

 

        
     

.  
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Let                 which is defined by                    . 

Then    is a    -continuous mapping such that          and         . 

Note that        if and only if       for all    .  

Also,                       is a   -open set.  

 

Hence,        if and only if             for all    , implies that: 

                              is a   -open set. 

Then                                  is a   -open set.   

Let us define                 such that               for all 

        . Then   is a    -continuous mapping with      . It is clear that   

is a    -continuous mapping such that          and         . 
Conversely, assume that for any two   -closed subsets    and     of   with 

       , there exists a    -continuous mapping                  such 

that          and         . That means           and          . 

By using Remark (1.2.2.i), Proposition (3.1.3.i) and Definition (3.2.1), it 

follows that           and           are two   -open sets with 

               . And this completes the proof of the first part. Now, the 

proof of the second part is deduced directly from the by a    -continuity of  .  
 

Theorem (3.2.10) 

 Let                  be an    -continuous an    -open mapping. If        

is an       , then         is a       ,. 
Proof:  

Let                  be an    -continuous mapping where        be an 

      .  To show that         is       . Let   be a   -closed subsets of  . 

From    -continuity of  , it follows that        is a   -closed subsets of   . 

Since   be a       , that concludes        is a      set of   . But from 

Definition (3.1.1), it follows that: 
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                   . 

Since    be a     -open and onto mapping. Then: 

 (      )                            . 

Thus          is a       . 
 

Remark (3.2.11) 

The converse Theorem (3.2.10) is not true in general as the following example 

shows: 

 

Example (3.2.12) 

Let       be the set of all integer numbers with                 as a 

    on   and         as a topology on  . Then        is a       . But 

       it is not       .  

Take a mapping                  which is defined by        for all 

   . It is clear that   is a    -continuous and    -open mapping, where 

        is a        , but         is not       . 

 

Remark (3.2.13) 

 For a mapping to be    -open is a necessary condition for proving a    -

continuous image of a       , also is a        as the following example 

shows: 

 

Example (3.2.14) 

Let       with        and                    as a 

topology on  . The set of all subsets of   form   -open sets. Also, the set of all  

subset of   is form   -open sets of  . Define                 by        

for all    . It is clear that   is a    -continuous mapping, where        is a  

      , but          is not       . 
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Theorem (3.2.15) 

 Let        be a        and    . If           is a     -regular, then it is a 

      . 

Proof:  

Let        be a topological space. Assume that           is a     -regular. To 

show that            is a       . Let   be a       -closed of  . Then by 

using Theorem (2.2.11), it follows that   is a   -closed of  . Now, by using 

Definition (3.2.1), implies that   is a      set of    and hence           is a 

      . 

 

Theorem (3.2.16) 

 Let        be a        and    . Then for each   -open   of  , there 

exists a sequence         of    -open sets of   such that: 

                     . 

Proof: 

Let         be an increasing sequence of    -open sets of   . Let    and    be  

two       -closed sets of   such that        .  

Let        
               

      and        
               

     . It is 

clear that   and   are   -open sets of   with      and     . Thus we 

only need show that      . Assume there exists      . Then: 

     
            

     and      
            

     for some   and  .  

Also,      
            

     and      
            

     for some   and  . 

Since either     or    , we get a contradiction. Hence      .  

 

   Now, we mainly introduce characterizations of a new type of a topological 

spaces and relevant   -covering properties and we give a few results. 
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Definition (3.2.17) 

Let        be a topological space,         be a sequence of subsets of   and 

              be a family of a   -simple extension of     . Then   is the 

  -simple extension of   , if   is the smallest topology on   which contains 

      for all    .  

 

     Recall  that  a non-empty  collection        of   -nbds  for  point   in   is a 

  -base for   -nbhds system of   if and only if for every of   -nbd    of   there 

exists        such that     , [22]. 

 

Theorem (3.2.18) 

 Let        be a topological space,         be a sequence of subsets of   and 

              be a family of a   -simple extension of     . If    is a   -

open base for            for each    , then          is an   -open 

base for       . 

Proof: 

We can get the desired through Theorem (3.2.16), Definition (3.2.17) and by 

applying the definition a   -base for   -nbds system of    , such that 

          
.  

 

Theorem (3.2.19)  

Let        be a     -Lindelof and   be   -     subset of  . If           is a 

    -regular, then it is a     -Lindelof.  

Proof: 

By using Definitions (2.2.1), (3.1.11), we have                 is a 

      -open cover by a      sets of  ,          is a   -open cover by a 

     sets of  .  
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Now, by using Theorem (2.2.21), it follows that then              is     -

normal. Consequently, by using Theorem (3.2.8), we have   has a countable 

subcover. Then           is a     -Lindelof.  

 

Theorem (3.2.20) 

 Let        be a topological space satisfy conduct union,         be a 

sequence of subsets of   and               be a family of a   -simple 

extension of     . If        is a     -regular and     -Lindelof, then        is 

    - Lindelof. 

Proof: 

By using Definition (3.1.11) and Theorem (3.2.19), we get the desired. 

 

Theorem (3.2.21) 

 Let        be a topological space,         be a sequence of subsets of   and 

              be a family of a   -simple extension of     . If            

is a     -regular, then        is a     -regular. 

Proof: 

Let     and   be a   -open set of   such that    . Then from Definition 

(3.2.17), it follows that           , where       . It is clear that   

and   are     -regular    's on  . Now, from Remark (2.2.3), we have        

is a     -regular, where   is a smallest topology contains   and  .   

 

Corollary (3.2.22) 

 Let        be a       ,         be a sequence of subsets of   and   

            be a family of a   -simple extension of     . If            is a 

    -regular, then        is a       . 

Proof: 

By using Theorems (3.2.15) and (3.2.16), we get the desired. 



Future Work 

 

It is suggested to conduct  the following studies : 

 

i.  We can study some results about semi feebly star compact spaces. 

ii. The new associating of stratifiable spaces can be studied by using semi 

feebly open sets. 
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 المستخلص

 

حطبيقبث جذيذة ين انفضبءاث انخبٌنٌجيت نخقذيى نٌع جذيذ ين انًجًٌعبث  نشئيسي ىٌ خهقانب ىذف

حبٌنٌجيب صنفج انًفخٌحت شبو انضئيهت انخي حشكم حبٌنٌجي ًدساست خصبئصيب. ين نبحيت أخشٍ، 

 (simple extension-  ) نهفضبءاث انخبٌنٌجيتجذيذة أخشٍ ببسخخذاو انخٌسيع انبسيط شبو انضئيهت 

 كأداة حُعخبش أسبس حعشيفنب انشئيسي ًدساست خصبئص ىزا انًفيٌو.

انطبيعي انخبو  انفضبء، أال ًىٌ " انخبٌنٌجيت انفضبءاثين انٌاع يخخهفو دساست  ىٌ انثبني نبىذف       

شبو انًفخٌحت ًجًٌعبث ببسخخذاو اندساست خصبئصو. ( ً      ًانًخخصشة )" شبو انضئيهت

  ًانخي حعخبش أسبس حعشيفنب انشئيسي ًدساست خصبئص ىزا انًفيٌو. ((open-  ًانًخخصشة  انضئيهت

انذًال انًسخًشة حخضًن ىزه انذساست بعض اننخبئج انًيًت ًقذ حى حٌضيح انًفبىيى انجذيذة بًب في رنك 

. يخيح ننب رنك حقذيى أيثهت جذيذة نألًصبف انصشيحت ((irresolute mappings-   شبو انضئيهت

ٌنٌجيت خبث انفضبءانه انغطبءاث شبو انضئيهت انًفخٌحتٌنٌجيت ببإلضبفت إنَ بعض أنٌاع خبان نهفضبءاث

انفضبءاث انطبيعيت انخبيت ً ( Lindelof-             )نذنٌف شبو انضئيهت يفضبءاث نيثم 

اسخخذاييب كأداة إلثببث اننخبئج انًيًت ً  (semi feebly perfectly normal space )شبو انضئيهت

 .انخبٌنٌجيت انفضبءاثفي 
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